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Pulse response estimation

Periodic signals

ZN “ t pypkq, upkqq, k “ 0, . . . , N ´ 1 u. upkq periodic, upkq “ upk ` Nq.
Assumption: gpτq “ 0 for τ ą τmax ď N .

»
———–

yp0q
yp1q
...

ypN ´ 1q

fi
ffiffiffifl “

»
———–

up0q upN ´ 1q ¨ ¨ ¨ up1q
up1q up0q ¨ ¨ ¨ up2q
...

. . .
...

upN ´ 1q upN ´ 2q ¨ ¨ ¨ up0q

fi
ffiffiffifl

»
———–

gp0q
gp1q
...

gpN ´ 1q

fi
ffiffiffifl `

»
———–

vp0q
vp1q
...

vpN ´ 1q

fi
ffiffiffifl
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Discrete Fourier Transform

DFT: matrix representation

Y pejωnq “
N´1ÿ

k“0

ypkqe´jωnk, ωn “ 2πn

N
, n “ 0, . . . , N ´ 1.

»
———–

Y pejω0q
Y pejω1q

...
Y pejωN´1q

fi
ffiffiffifl “

»
———–

1 1 ¨ ¨ ¨ 1

1 e´jω1 ¨ ¨ ¨ e´jω1pN´1q
...

...

1 e´jωN´1 ¨ ¨ ¨ e´jωN´1pN´1q

fi
ffiffiffifl

»
———–

yp0q
yp1q
...

ypN ´ 1q

fi
ffiffiffifl
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Frequency domain transformation

Transform via matrix representation
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Example
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Example
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Example
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Slowly decaying systems

N ă τmax case

Assume periodic input upkq “ upk ` Nq.
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Example
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Example
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Slowly decaying systems

N ă τmax case

ypkq “
8ÿ

r“0

N´1ÿ

i“0

Tuppk, iqgpi ` rNq ` vpkq, k “ 0, . . . , N ´ 1,

“
N´1ÿ

i“0

Tuppk, iq
8ÿ

r“0

gpi ` rNq ` vpkq, k “ 0, . . . , N ´ 1,

Define:
»
———–

gap0q
gap1q

...
gapN ´ 1q

fi
ffiffiffifl “

»
———–

gp0q
gp1q
...

gpN ´ 1q

fi
ffiffiffifl `

»
———–

gpNq
gpN ` 1q

...
gp2N ´ 1q

fi
ffiffiffifl `

»
———–

gp2Nq
gp2N ` 1q

...
gp3N ´ 1q

fi
ffiffiffifl ` ¨ ¨ ¨
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Slowly decaying systems

N ă τmax case

ypkq “
N´1ÿ

i“0

Tuppk, iqgapiq ` vpkq, k “ 0, . . . , N ´ 1.

y “ Tup ga ` v.
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Example
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Example
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Non-periodic frequency domain estimation

K " N ě τmax case

»
———–

yp0q
yp1q
...

ypN ´ 1q

fi
ffiffiffifl “

»
———–

up0q up´1q ¨ ¨ ¨ up´N ` 1q
up1q up0q ¨ ¨ ¨ up´N ` 2q
...

. . .
...

upN ´ 1q upN ´ 2q ¨ ¨ ¨ up0q

fi
ffiffiffifl

»
———–

gp0q
gp1q
...

gpN ´ 1q

fi
ffiffiffifl `

»
———–

vp0q
vp1q
...

vpN ´ 1q

fi
ffiffiffifl
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Non-periodic frequency domain estimation

Bias and variance

Ĝpejωnq “ G0pejωnq ` X´1
u V pejωnq
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Very long data records

Averaging application
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Example
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Example
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Time- and frequency-domain methods
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