System lIdentification

Lecture 6: Frequency-domain identification & input signals

Roy Smith
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Spectral transformations (random signals)

H(elw)
v(k)
<y(k) $< Go(e%) ﬂ

If v(k) = 0 then,

By(&) = |G| du(e™).
If v(k) # O then,
by (7)) = |G(e7)Phu(e’) + d» + 2real G(€7¥)duv(e’®)
= [G(e’*)$u(e’) + v, (if uncorrelated)
= [G()*pu(e’) + [H (™)
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Spectral transformations (random signals)

H(elw)
v(k)
<y(k) é: Go(e?%) <—u(k)

Cross-correlation result:
byu(e’) = G(”) pu(e’*) + puv(e’™)

= G(e') pu(e’™)
(if u(k) and v(k) are uncorrelated)
Spectral estimation methods:
o 5 Jjw
G(&¥) = ¢AyU(e' )
Pu(e7¥)
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Spectral estimation methods

¢y(€’) = |G(€)*¢u(e’™) + pu(e’*)

¢yu(ejw) = G(ejw) ¢U(ejw)

é(ejwn) ¢yu(ejwn)

Pu(eion)
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Spectral analysis example (periodic signal, N = M)
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Estimate of the cross-correlation function (periodic signal, N = M)

N—
1
= 2 y(B)u(k—71), T7=-N/2+1,...,N/2.
1.0 7 Ryu(7)
0.75 A
o
0.5 1
)
o
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) oo ) ?
ol |lo of | 7909 ol oooo
o
T O °%5 o 5 3155° oQ so—> lag: 7
—NR2 + 10 o © ol 1° o o °Ny/2
(o) ° o le) o
o° o
o —(725 °
—0.5 -
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Estimate of the cross power spectral density (periodic signal, N = M)

N—1
; ; 2mn
Jw —JjWnT
Gyu(e") = > Ryu(r)e 777, w, = > n=-N2+1...Np2
7=0
5.0 1 [pyu(e?“™))|
o o
o 2.5 o
o o
o o o o
o o) olo o) o
o 0%0 %0 o
o? o0
o 0 0 0 0 o 0
fole%s} °Aoo St Ndh oldlo 2% Q0 0°n° 00 . Frequency, w
o _7;_/2 - 71_'/2 & (rad/sample)
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Estimate of the input power spectral density (periodic signal, N = M)

N—-1
; ; 2mn
w —JWnT
Gu (") = Y Ru(m)e ™7, w, = = n=-N/2+1... N/
7=0
5.0 1 [pu(e?“m))|
oo 2.5 1 o0
o )
o ? ? o
o o o o
0 /00 %0007 |7 %! Qo0x0? %97 0000
7 o o?lol [ T?TT o oigc o) %0 0% ~ 0 . Frequency, w
_x /2 /2 & (rad/sample)
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Estimated transfer function

GEm) = yul(e“"))/ Su(e“™))

6.0 7 |G(e7¥n)]
olo
o? e \C)
o fo) fo) o
o/ || Fo0? %007 | |0
(o] (o]
o o
o? %
ooooooooooo‘oooo oo°°°0<>oooooooo Frequency, w
_'ﬂ_ _7;_/2 0 7rl/2 - (rad/sample)
o ™ 1 arg(G(e’)))
o o
o (o)
oOOO %,
%
Frequency, w
_W/Q o Trl/2 - (rad/sample)
o
O0g 04
o ooo
o o
s o
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Estimated transfer function
G(&“) = buu(e)) /6u(e")
Magnitude
10
Frequency, w
(rad/sec)
1 {
0.1 1 T
0.1
0.1 1 ™
0 ! ,
Frequency, w
(rad/sec)
—180
—360

Phase (deg.)
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Spectral estimation (periodic signals)

Autocorrelation function

Periodic signal, z(k), with period M
(N = mM for some integer m)

—1

M
R.(1) = % Z x(k)x(k — ) (using a periodic calculation)
k=0

Power spectral density

The power spectral density can be calculated exactly and is also equal to the periodogram.

M-—1
j W —JwnT 1 j w
$u(e") = Y Ra(r)e 7 = 7 X (€ ")
=0
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Spectral estimation of random signals

Periodogram
The periodogram (for a length N measurement of a random signal v(k)) is:
1 2
2y (e ’
N ‘ w(e™)
Asymptotically unbiased estimator of the spectrum:
lim E{ =)} = ()
N—0 N v
Assumes:

| X
lim N Z |TRy(T)] =0

N—0
T=—N
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Spectral estimation (via covariances)

Autocovariance function

Autocovariance estimate (stochastic, zero mean, v(k)):

1 N-1

—_ v(k)v(k — 1), for 7 > 0,
N &

Ro(r) = | Nt
—_ v(k)v(k — 1), forT <0,
v &

Gives estimates for —N +1 <7< N — 1.

This is an unbiased estimator of R, (7):  E{R,(7)} = Ru(7)

Spectral estimate
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Spectral estimation (more general case)

Alternative autocorrelation estimate:

| N
A N ];T z(k)x(k — 1), for 7 = 0,
Rz(T) - 1 N+7—1
N Z x(k)x(k —71), forT <0,
k=0

Periodic z(k):  unbiased (exact) if N = mM (for integer m)

N — 7]
N

Random z(k):  biased E{Rw (1)} = R (7)

asymptotically unbiased
(as N — 0, 7/N — 0)
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ETFE smoothing: motivation

Magnitude

W\e\a GN<eju n,}) d
%)

10

0.1

0.01

200

100

Go(e?*)

—100

—200

Phase (deg.)
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0.1 1 QT

Frequency, w
(rad/sample)

Frequency, w
(rad/sample)

ETFE smoothing

Averaging adjacent frequencies

E{(Gn (&) = Go(e")) (Gn(e77) = Gole ™)) } =0
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ETFE smoothing

Sliding window
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ETFE smoothing

Window function

W, (7)), ~ is a width parameter

« o @
(L R s ( 7 (7 L
o | O

— —7/2 0 /2 4
Frequency: w

This is a Hann window.
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Window functions

Frequency smoothing window characteristics: width (specified by v parameter)

The wider the frequency window (i.e. decreasing =) ...
> the more adjacent frequencies included in the smoothed estimate,

» the smoother the result,

v

the lower the noise induced variance,
the higher the bias.

v
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Window functions

Window characteristics: shape

Some common choices:

< 1 (sinyw/2)>
Bartlett: W, (e’*) = — | ——=
artie +(€7) v < sinw/2 )

Hann: Wy (e’“) = £ Dy (w) + 2D~ (w — 7/7) + 2D+ (w + 7/7)
sinw(y + 0.5)

where D, (w) = Sinw)2

Others include: Hamming, Parzen, Kaiser, ...

The differences are mostly in the leakage properties of the energy to adjacent frequencies. And the
ability to resolve close frequency peaks.
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Window functions

Example frequency domain windows.

2. e (0
‘‘‘‘‘‘‘‘‘‘ « ST (e

S (
T

Frequency: w
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0 g S0 (L g ooreree PTTTTII T,
Qe BERCILR R

Welch
Hann

Hamming

Bartlett

(D

ETFE smoothing example
Experiment: N = 511 (periodic experiment)

3.0 7 u(k)

2.0 A1

3.0 7 y(k)

—2.0 A

—-3.04 79
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ETFE smoothing example

DFT calculations:
Magnitude
100 ~
50 - ,
Uy (e94m)
0 Frequency, w
/2 (rad/sample)
%Magnitude
100 -

50 A
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Frequency, w
(rad/sample)

ETFE smoothing example

Raw ETFE: Gy (e7¥n),

10

0.1

0.01
200

100

—100

—200
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Magnitude

n=20,...

(o] o o ooooi

© 0

o
o
o
Ooc

Phase (deg.)

Frequency, w
(rad/sample)

Frequency, w
(rad/sample)
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ETFE smoothing example

Frequency domain smoothing windows (Hann):

, Magnitude
300 A o v =300
250 o =250
200 - o v =200
150 - o =150
9 9
8 8
100 A (o) v = 100
(el e]
(o] (o]
50 A 20008 v =50
oo° 0 0 °oo v =10 Frequency, w
0 ©000000006008Q00000Q800600000000 (rad/sample)
—r/12 —m/24 °©o0 ©° 7/24 /12
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ETFE smoothing example

Smoothed ETFE (for various v values):

Magnitude
10
1 . Frequency, w
~ (rad/sample)
0.1

0.01
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ETFE smoothing example

Smoothed ETFE (for various «y values):

Magpnitude

. Frequency, w
~ (rad/sample)
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ETFE smoothing example

Absolute fit error: E.,(e/“") = ‘éy(ej“") — Go(e’*™)|, n=0,...,N

Magnitude
10 .
Go(e??)
5 %':5(] (e.l‘%/'n)
o
1 © oo o . Frequency, w
0 ~ (rad/sample)
5 Ey=130(e7m)
o ° 5o
° o
0.1 o o I
o o
Eﬁ,7250(e.7w77)
o
0.01
o
0.001
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ETFE smoothing example

Mean-square €rrors versus 7y

2 -
Window width parameter, ~
11§ . . ; . . —>
1 50 100 150 200 250 300
N-1
1 . o 2
o Z G (e79m) — G(e7¥m)
0.1 A
LN (e jony[?
< 2 [Ga(e7n) = Go(em)
n=0
0.01 -
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ETFE smoothing example
EXpeCted smoothed estimate: E{G’(ejw")} (Estimated from 10,000 experiments)
Magnitude
10
G() ej“’ ~
o Giselen)
—250(e7¥n))
1 . Frequency, w
0 - (rad/sample)
o o O 0 0000
Gry—10(e74m)
0.1
0.01
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ETFE smoothing example

Bias error: E {Go(ejw") ) {é'y (ejwn)}}

(Estimated from 10,000 experiments)

_ Frequency, w

Magnitude
10 -
Go(e?” .
o’ Bias: v =10
1
o OQ T
o Bias: v = 150
o
o © o
0.1 004
o o
o o
. o)
Bias: v = 250 o
0.01
0.001
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~ (rad/sample)

ETFE smoothing example

Mean-square error:

(Estimated from 10,000 experiments)
(Average of MSEs not MSE of averages)

Frequency, w

Magnitude
10 7 o
Go(e?” o
o(e™) %, MSE: y =10
- 0,
MSE: v = 50
o o
o
1 O S
5 0
o

014 8 MSE:~4=150 |

0.01 O o

0.001
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> (rad/sample)
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ETFE smoothing example: MATLAB calculations

U = fft(u);
Y = ££ft(y);
Gest = Y./U;
Gs = 0*Gest;

[omega,Wg] = WfHann(gamma,N);
zidx = find(omega==0);

omega = [omega(zidx:N);omega(l:zidx-1)];

Wg = [Wg(zidx:N);Wg(1l:zidx-1)];
a = U.*conj(U);

for wn = 1:N,
Wnorm = O;
for xi = 1:N,

widx = mod(xi-wn,N)+1;
Gs(wn) = Gs(wn) + ...
Wg(widx) * Gest(xi) * a(xi);
Wnorm = Wnorm + Wg(widx) * a(xi);
end
Gs(wn) = Gs(wn)/Wnorm;
2023-10-24 end

h

h
h

h
h
h

h

h

h

h

calculate N point FFTs

ETFE estimate
smoothed estimate

window (centered)
shift to start at zero

frequency grid

variance weighting

reset normalisation

wrap window index

weight normalisation
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Duality

Familiar relationship:

Y(e) = G U (")

_

e}
y(k) = Y g(u(i—k)
—0
ConvoIJtion in
time domain
By duality, we also have:
(I)(ejwn) _ 2 W(ejﬁ)q)(e]wn—ﬁ)
E=—N/2+1

T 1
Convolution™ in
frequency domain

This is a circular convolution
2023-10-24

Multiplication in
frequency domain

Multiplication in
time domain
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Time-domain windows

Spectra
For periodic signals (with period M = N),

2 , N-1 ,
— 6u(e ) = 3 Ru(r)e T

T7=0

v [t

= Fourier transform of R, (7).

2023-10-24
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Time-domain windows — smoothing the spectral estimates

Time-domain window
Define, via the inverse Fourier transform, a time-domain window,

1 N/2 4 '
wy (1) = & D1 W (efm)el T

n=—N/2+1

Time-domain windowing of spectral estimates
Then, the smoothed input spectral estimate, ¢, (e’“"), is

N/2 ‘ 1 _ 5 00 . A
Do WAEEE) N @)~ Y ws (D) Ra(r)e T

E=—N/2+1 T=—00

This is the Fourier transform of a time-domain multiplication.

2023-10-24
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Time-domain windows

Time-domain truncations

In practice choose W, (e?“) (or w (7)) so that,

0 for 7<—v
wo (1) = >0 —YSTSY
0 T >

where we often have v <« N.

Windowed spectral estimate

Then, the smoothed input spectral estimate is

(@) = 3wy (r)Rulr)e T,

T=—7

and R, (7) need only be calculated over —y < 7 < 7.

2023-10-24
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Time-domain windows

Cross-spectral estimates

The smoothed cross-spectral estimate, ¢y, (e7“"), is

N/2

Bl = Y W) LY (E@OUR ()

£=—N/2+2
o0

~ Y wy () Ryu(r)e ™,

T=—00

and in the finite support w- (7) case,
g
- Z Wy (T)Ryu(T)e 77"

T=—"

Again, Ryu(T) need only be calculated over —y < 7 < 7.
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Time-domain windows

Hann windows in the time-domain (scaled to w~(0) = 1)

lag index: T

w~ (1) =0, for || > 7.

2023-10-24

Window functions

Bartlett window

; 1 (sinyw/2\> _ |7
[/[/ Jw = — _— w T - 1 -
2(e7) vy ( sinw/2 ) ()

Hann window
oy 1 1
W, (e ) = §D'Y(W) + ZD’Y(W — /)

1
+ 7D+ /)

sinw(y + 0.5)

where D, (w) = Sin w2

2023-10-24
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Common windows

Time-domain representations

Wb + (o}
< c = B
L c £ 5 o O
M m E & 00
T
S m
T o 00
o
o
. o o
r o
s o
@ T T T
So o 10 0 12
— S o N
0o o
o o)
o
o
o o 00
— 00
Nl

lag index: T

for |T| > ~.

Wry (T) = 07
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ETFE smoothing example

Ry, (1) calculation and time-domain windows, w- (7):

lag index: T

6.42
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Time-domain windows

Window characteristics: width (specified by v parameter)

Decreasing y: narrower w- (7); wider W, (e’*)

» the more frequencies, @(ej“”), included in the smoothing,

v

the fewer R(7) estimates included in the smoothing,

» the smoother the result,

v

the lower the noise induced variance,
the higher the bias.

v
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Input signals

Typical Operating signals

Steps Doublets
u(k) u(k)
1.0 1.0 ¢€
0.5 <0—0 T index: k
5
<o0—o T > index: k —1.0 1
! 0 :
Sinusoids
Swept sinusoids: R experiments:  u, = sinw,k, n=1,...,R.

Variants: chirp signals; multi-sines (Schroeder phasing).
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Doublet excitation

Building identification experiments

Temperature (°C)

” A
/ N\

24

20

16

> Date
24 Dec. 28 Dec. 01 Jan. 05 Jan.
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Input signals

Filtered white noise

w=L(z)e, eeN(0,1) du(e) = )L(eJ'W)f.

Designing L(z) specifies (in expectation) the frequency content of the input signal.

Random binary signal

u(k) = asign(e(k)), eeN(0,1), Ru(r) = {CL, T=0 bu (%) =

Weighted version:  u(k) = a sign(L(z)e(k)), eeN(0,1)

L(z) is used to modify the spectrum.

2023-10-24
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PRBS input signals

Input sequence (X =6, M = 63)

4
5 O 0 00 00 000 OO O O OO0 O 0000 O O [e]e] o
62
0
—5 000 00 O O O OO 00 000 O 00 O 000 0000 00000
Y
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> index: k

6.47

PRBS signals

Run length distribution

1/2 runs of length 1
1/4 runs of length 2
1/8 runs of length 3

Autocorrelation function

Using a calculation length of 1 period: N = M = 2% —

1 a’

1 N=
=~ Z u(k)u(k —7) = —a?
k=0 (2X —1)

2023-10-24

1.
if =0,
itfT#0
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PRBS input signals

Autocorrelation: R, (7) (calculation with period N = M = 2% = 63)

R, (T)
25 €t

20 +
15

10 ~

2023-10-24

PRBS input signals

Input signal spectra: ¢, (e’“")

pb(e?em)

25471 00000000000000000000000000000O0O0

0.4

_ Frequency, w

2023-10-24

~ rad/sample
/2 7"

6.50




Random input signals (periodic)

Random (normally distributed) signal, scaled to +5.

y .
) PRBS input
T T T T T
RBS input
randn input
o ol o
le| o
o o ? 1|90
o 5 ?
(o] (o]
0 o 5 O 62 > index: k
Q o © o o
o lo) 60
o)
o o
o
o
ps o
—5 O 00O o0 O O 00
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Random input signals (periodic)

Periodic autocorrelation: R, (1) =

y Ry ()
t PRBS input

20 +

15 -

RBS input

y randn input

2023-10-24

6.52




Input signals

Input signal spectra, ¢, (e’*"): PRBS, randn and RBS signals.

Jwn
77.5 49 o
o
o
o RBS input
o
o
o
PRBS input
25.4 4 ? ? ? g ? T
hnt pu|
o) T
0
) 0 Frequency, w
0.4 ¢ L oIl
T rad/sample
/2 0
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Multi-sinusoidal signals
Sum of (harmonically related) sinusoids
s
u(k) = Z vV2as cos (wskT + ¢s)  where T is the sampling period,
s=1

Select S harmonically related frequencies:

wo — 27ls
s N 9

. 2wl . .
Lowest frequency is N where [ is an integer.

Highest frequency must be less than the Nyquist frequency:

2nlS < — S < N
N ’ 20
S
Total signal power = Z as =1 (normalised).
s=1
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Multi-sinusoidal signals

Schroeder phasing

S
Solution: ¢s = 21 Z nos.
n=1
For equal power in each sinusoid:

as =1/8 and s =

Consider S = N/2 sinusoids (I = 1).

2023-10-24

S
u(k) = Z V20 cos (wskT + ¢s)
s=1

as > 0 for s € {selected frequencies set},

Select the phases, ¢s, to minimise the peak amplitude of u(k).

m(s® + s)
S

General case: arbitrary selection of frequencies

as = 0 otherwise.
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Chirp signals

2k
Lowest frequency: T

2023-10-24

. . 27‘(‘]{32
T Highest frequency: %
Define: a = w, b = 2;(—121,
Input signal:
u(k) = sin((ak +b)k), k=0,1,..., K —1.
u(k)
1.0' Q \:. u" O l. O o .. O O O - O
B8 3% % oo Pq B2 i
& [e O |. | Q O
05{ & & 95 '||, il || 00 ©
gl & 8 nldriiilll
0 N\n\‘fﬁ“ll |!.'_' I'II IIV o O Il 00 ol O |I 0 ||I.. || On0O . |||I
1 [ .'i - |n. 5 ||| 374 P
—0.5 4 |. .l I. O O P 3 O l- l. ’ O
I O * l o O o O
AS Q0 I' O I' Iy -!' I. I.'. "'l |'
—1 & e O ‘e O

[radians/sample]

index: k

ki1 = 4
ka = 48
Wiowest = 0.098
Whighest = 1.18
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Chirp signals

50 1 —
|U(e7)]

o\ %
0,0,0'0 © ¢80 0q e 0% o [0}

10 A

A

1 ||||." ] Frequency, w
NG T

0.1 -
25 1

201 §
o]
15 A

10 ~

Frequency, w
x  (rad/sample)

0.098 1.18
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