
System Identification
Lecture 6: Frequency-domain identification & input signals

Roy Smith
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Spectral transformations (random signals)

G0pejωq`

Hpejωq
vpkq

ypkq upkq

epkq

If vpkq “ 0 then,

ϕypejωq “
ˇ̌
ˇGpejωq

ˇ̌
ˇ
2

ϕupejωq.

If vpkq ‰ 0 then,

ϕypejωq “ |Gpejωq|2ϕupejωq ` ϕv ` 2 realGpejωqϕuvpejωq
“ |Gpejωq|2ϕupejωq ` ϕv, (if uncorrelated)

“ |Gpejωq|2ϕupejωq ` |Hpejωq|2
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Spectral transformations (random signals)

G0pejωq`

Hpejωq
vpkq

ypkq upkq

epkq

Cross-correlation result:

ϕyupejωq “ Gpejωqϕupejωq ` ϕuvpejωq
“ Gpejωqϕupejωq

(if upkq and vpkq are uncorrelated)

Spectral estimation methods:

Ĝpejωq “ ϕ̂yupejωq
ϕ̂upejωq
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Spectral estimation methods

ϕypejωq “ |Gpejωq|2ϕupejωq ` ϕvpejωq

ϕyupejωq “ Gpejωqϕupejωq

Ĝpejωnq “ ϕ̂yupejωnq
ϕ̂upejωnq
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Spectral analysis example (periodic signal, N “ M)
upkq

´3.0

´2.0

´1.0

0

1.0

2.0

3.0

index: k
N

ypkq

´3.0

´2.0

´1.0

0

1.0

2.0

3.0

index: k
N
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Estimate of the cross-correlation function (periodic signal, N “ M)

Ryupτq “ 1

N

N´1ÿ

k“0

ypkqupk ´ τq, τ “ ´N{2 ` 1, . . . , N{2.

Ryupτq

´0.5

´0.25

0.25

0.5

0.75

1.0

lag: τ

´N{2 ` 1 N{2
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Estimate of the cross power spectral density (periodic signal, N “ M)

ϕyupejωnq “
N´1ÿ

τ“0

Ryupτqe´jωnτ , ωn “ 2πn

N
, n “ ´N{2 ` 1, . . . , N{2.

ˇ̌
ϕyupejωn qqˇ̌

2.5

5.0

Frequency, ω
(rad/sample)´π ´π{2 π{2 π
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Estimate of the input power spectral density (periodic signal, N “ M)

ϕupejωnq “
N´1ÿ

τ“0

Rupτqe´jωnτ , ωn “ 2πn

N
, n “ ´N{2 ` 1, . . . , N{2.

ˇ̌
ϕupejωn qqˇ̌

2.5

5.0

Frequency, ω
(rad/sample)´π ´π{2 π{2 π
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Estimated transfer function

Ĝpejωnqq “ ϕyupejωnqq {ϕupejωnqq
|Ĝpejωn qq|6.0

Frequency, ω
(rad/sample)´π ´π{2 0 π{2 π

argpĜpejωn qqq

´π

π

Frequency, ω
(rad/sample)´π ´π{2 π{2 π0
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Estimated transfer function

Ĝpejωnqq “ ϕyupejωnqq {ϕupejωnqq
Magnitude

0.1

1

10

Frequency, ω
(rad/sec)

0.1 1 π

Phase (deg.)
´360

´180

0
Frequency, ω
(rad/sec)

0.1 1 π
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Spectral estimation (periodic signals)

Autocorrelation function

Periodic signal, xpkq, with period M
(N “ mM for some integer m)

Rxpτq “ 1

M

M´1ÿ

k“0

xpkqxpk ´ τq (using a periodic calculation)

Power spectral density

The power spectral density can be calculated exactly and is also equal to the periodogram.

ϕxpejωnq “
M´1ÿ

τ“0

Rxpτqe´jωnτ “ 1

M
|XM pejωnq|2
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Spectral estimation of random signals

Periodogram

The periodogram (for a length N measurement of a random signal vpkq) is:
1

N

ˇ̌
ˇVN pejωq

ˇ̌
ˇ
2

Asymptotically unbiased estimator of the spectrum:

lim
NÝÑ8 E

"
1

N
|VN pejωq|2

*
“ ϕvpejωq

Assumes:

lim
NÝÑ8

1

N

Nÿ

τ“´N

|τRvpτq| “ 0
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Spectral estimation (via covariances)

Autocovariance function

Autocovariance estimate (stochastic, zero mean, vpkq):

R̂vpτq “

$
’’’’’&
’’’’’%

1

N ´ |τ |
N´1ÿ

k“τ

vpkqvpk ´ τq, for τ ě 0,

1

N ´ |τ |
N`τ´1ÿ

k“0

vpkqvpk ´ τq, for τ ă 0,

Gives estimates for ´N ` 1 ď τ ď N ´ 1.

This is an unbiased estimator of Rvpτq: EtR̂vpτqu “ Rvpτq
Spectral estimate

ϕ̂vpejωq “
N´1ÿ

τ“´N`1

R̂vpτqe´jωτ
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Spectral estimation (more general case)

Alternative autocorrelation estimate:

R̂xpτq “

$
’’’’’&
’’’’’%

1

N

N´1ÿ

k“τ

xpkqxpk ´ τq, for τ ě 0,

1

N

N`τ´1ÿ

k“0

xpkqxpk ´ τq, for τ ă 0,

Periodic xpkq: unbiased (exact) if N “ mM (for integer m)

Random xpkq: biased EtR̂xpτqu “ N ´ |τ |
N

Rxpτq
asymptotically unbiased
(as N ÝÑ 8, τ{N ÝÑ 0)
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ETFE smoothing: motivation

Magnitude

ĜN pejωn qG0pejωq

0.01

0.1

1

10

Frequency, ω
(rad/sample)

0.1 1 π

Phase (deg.)

ĜN pejωn q

G0pejωq

´200

´100

0

100

200

Frequency, ω
(rad/sample)

0.1 1 π
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ETFE smoothing

Averaging adjacent frequencies

E
!´

ĜN pejωnq ´ G0pejωnq
¯ ´

ĜN pe´jωiq ´ G0pe´jωiq
¯)

“ 0
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ETFE smoothing

Sliding window
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ETFE smoothing

Window function

Wγpejωnq, γ is a width parameter

γ “ 20

γ “ 10

γ “ 5
γ “ 1

N “ 256

Wγpejωn q

5

10

15

20

Frequency: ω

´π ´π{2 0 π{2 π

This is a Hann window.
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Window functions

Frequency smoothing window characteristics: width (specified by γ parameter)

The wider the frequency window (i.e. decreasing γ) ...

§ the more adjacent frequencies included in the smoothed estimate,

§ the smoother the result,

§ the lower the noise induced variance,

§ the higher the bias.
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Window functions

Window characteristics: shape

Some common choices:

Bartlett: Wγpejωq “ 1

γ

ˆ
sin γω{2
sinω{2

˙2

Hann: Wγpejωq “ 1
2
Dγpωq ` 1

4
Dγpω ´ π{γq ` 1

4
Dγpω ` π{γq

where Dγpωq “ sinωpγ ` 0.5q
sinω{2

Others include: Hamming, Parzen, Kaiser, ...

The differences are mostly in the leakage properties of the energy to adjacent frequencies. And the
ability to resolve close frequency peaks.
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Window functions

Example frequency domain windows.

Welch

Hann

Hamming

Bartlett

γ “ 10

N “ 256

Wγpejωn q

5

10

Frequency: ω

´π ´π{2 0 π{2 π
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ETFE smoothing example

Experiment: N “ 511 (periodic experiment)

upkq

´3.0

´2.0

´1.0

0

1.0

2.0

3.0

index: k
64 128 256 512

ypkq

´3.0

´2.0

´1.0

0

1.0

2.0

3.0

index: k
64 128 256 512
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ETFE smoothing example

DFT calculations:

Magnitude

UN pejωn q

0

50

100

Frequency, ω
(rad/sample)

0 π{2 π

Magnitude

YN pejωn q

0

50

100

Frequency, ω
(rad/sample)

0 π{2 π
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ETFE smoothing example

Raw ETFE: ĜN pejωnq, n “ 0, . . . , N ´ 1, N “ 511

Magnitude

ĜN pejωn q

0.01

0.1

1

10

Frequency, ω
(rad/sample)

0.1 1 π

Phase (deg.)

ĜN pejωn q

´200

´100

0

100

200

Frequency, ω
(rad/sample)

0.1 1 π
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ETFE smoothing example

Frequency domain smoothing windows (Hann):

Magnitude

γ “ 300

γ “ 250

γ “ 200

γ “ 150

γ “ 100

γ “ 50

γ “ 10

0

50

100

150

200

250

300

Frequency, ω
(rad/sample)

´π{12 ´π{24 0 π{24 π{12
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ETFE smoothing example

Smoothed ETFE (for various γ values):

Magnitude

G0pejωq

G̃γ“10pejωn q

G̃γ“50pejωn q G̃γ“250pejωn q

G̃γ“150pejωn q

0.01

0.1

1

10

Frequency, ω
(rad/sample)

0.1 1 π
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ETFE smoothing example

Smoothed ETFE (for various γ values):

Magnitude

G0pejωq

G̃γ“10pejωn q

G̃γ“50pejωn q

G̃γ“250pejωn qG̃γ“150pejωn q

0.1

0.5

1

2

Frequency, ω
(rad/sample)

0.5 1 2
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ETFE smoothing example

Absolute fit error: Eγpejωnq “
ˇ̌
ˇG̃γpejωnq ´ G0pejωnq

ˇ̌
ˇ , n “ 0, . . . , N

Magnitude

G0pejωq
Eγ“10pejωn q

Eγ“50pejωn q

Eγ“250pejωn q

Eγ“150pejωn q

0.001

0.01

0.1

1

10

Frequency, ω
(rad/sample)

0.1 1 π
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ETFE smoothing example

Mean-square errors versus γ

1

N

N´1ÿ

n“0

ˇ̌
ˇG̃γpejωn q ´ Ĝpejωn q

ˇ̌
ˇ
2

1

N

N´1ÿ

n“0

ˇ̌
ˇG̃γpejωn q ´ G0pejωn q

ˇ̌
ˇ
2

0.01

0.1

1

2

Window width parameter, γ

10 50 100 150 200 250 300
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ETFE smoothing example

Expected smoothed estimate: EtG̃pejωnqu (Estimated from 10,000 experiments)

Magnitude

G0pejωq

G̃γ“10pejωn q

G̃γ“50pejωn q
G̃γ“250pejωn q

G̃γ“150pejωn q

0.01

0.1

1

10

Frequency, ω
(rad/sample)

0.1 1 π
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ETFE smoothing example

Bias error: E
!
G0pejωnq ´ E

!
G̃γpejωnq

))
(Estimated from 10,000 experiments)

Magnitude

G0pejωq
Bias: γ “ 10

Bias: γ “ 50

Bias: γ “ 250

Bias: γ “ 150

0.001

0.01

0.1

1

10

Frequency, ω
(rad/sample)

0.1 1 π
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ETFE smoothing example

Mean-square error: (Estimated from 10,000 experiments)
(Average of MSEs not MSE of averages)

Magnitude

G0pejωq
MSE: γ “ 10

MSE: γ “ 50

MSE: γ “ 250

MSE: γ “ 150

MSE: Ĝpejωn q

|Hpejωq|2

0.001

0.01

0.1

1

10

Frequency, ω
(rad/sample)

0.1 1 π
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ETFE smoothing example: Matlab calculations

U = fft(u); % calculate N point FFTs

Y = fft(y);

Gest = Y./U; % ETFE estimate

Gs = 0*Gest; % smoothed estimate

[omega,Wg] = WfHann(gamma,N); % window (centered)

zidx = find(omega==0); % shift to start at zero

omega = [omega(zidx:N);omega(1:zidx-1)]; % frequency grid

Wg = [Wg(zidx:N);Wg(1:zidx-1)];

a = U.*conj(U); % variance weighting

for wn = 1:N,

Wnorm = 0; % reset normalisation

for xi = 1:N,

widx = mod(xi-wn,N)+1; % wrap window index

Gs(wn) = Gs(wn) + ...

Wg(widx) * Gest(xi) * a(xi);

Wnorm = Wnorm + Wg(widx) * a(xi);

end

Gs(wn) = Gs(wn)/Wnorm; % weight normalisation

end2023-10-24 6.33

Duality

Familiar relationship:

ypkq “
8ÿ

´8
gpiqupi ´ kq

looooooooooooooomooooooooooooooon
ÐÑ Y pejωnq “ GpejwnqUpejωnqlooooooooooooooooomooooooooooooooooon

Convolution in Multiplication in
time domain frequency domain

By duality, we also have:

Φ̃pejωnq “
N{2ÿ

ξ“´N{2`1

W pejξqΦpejωn´jξq
looooooooooooooooooooooooomooooooooooooooooooooooooon

ÐÑ R̃pτq “ wpτqRτloooooooooomoooooooooon

Convolution1 in Multiplication in
frequency domain time domain

1This is a circular convolution
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Time-domain windows

Spectra

For periodic signals (with period M “ N),

1

N

ˇ̌
ˇUN pejωnq

ˇ̌
ˇ
2 “ ϕupejωnq “

N´1ÿ

τ“0

Rupτqe´jωnτ

“ Fourier transform of Rupτq.
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Time-domain windows — smoothing the spectral estimates

Time-domain window

Define, via the inverse Fourier transform, a time-domain window,

wγpτq “ 1

N

N{2ÿ

n“´N{2`1

Wγpejωnqejωnτ .

Time-domain windowing of spectral estimates

Then, the smoothed input spectral estimate, ϕ̃upejωnq, is
N{2ÿ

ξ“´N{2`1

Wγpejpξ´ωnqq 1

N

ˇ̌
ˇUN pejξq

ˇ̌
ˇ
2 «

8ÿ

τ“´8
wγpτqR̂upτqe´jτωn

This is the Fourier transform of a time-domain multiplication.
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Time-domain windows

Time-domain truncations

In practice choose Wγpejωq (or wγpτq) so that,

wγpτq “
$
&
%

0 for τ ă ´γ
ą 0 ´γ ď τ ď γ

0 τ ą γ

where we often have γ ! N .

Windowed spectral estimate

Then, the smoothed input spectral estimate is

ϕ̃upejωnq “
γÿ

τ“´γ

wγpτqR̂upτqe´jτωn ,

and R̂upτq need only be calculated over ´γ ď τ ď γ.
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Time-domain windows

Cross-spectral estimates

The smoothed cross-spectral estimate, ϕ̃yupejωnq, is

ϕ̃yupejωnq “
N{2ÿ

ξ“´N{2`2

Wγpejpξ´ωnqq 1

N
YN pejξqU˚

N pejξq

«
8ÿ

τ“´8
wγpτqR̂yupτqe´jτωn ,

and in the finite support wγpτq case,

“
γÿ

τ“´γ

wγpτqR̂yupτqe´jτωn

Again, R̂yupτq need only be calculated over ´γ ď τ ď γ.

2023-10-24 6.38



Time-domain windows
Hann windows in the time-domain (scaled to wγp0q “ 1)

wγpτq

γ “ 1

γ “ 5

γ “ 10

γ “ 20
0.25

0.5

0.75

1.0

lag index: τ

´20 ´15 ´10 ´5 0 5 10 15 20

wγpτq “ 0, for |τ | ą γ.
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Window functions

Bartlett window

Wγpejωq “ 1

γ

ˆ
sin γω{2
sinω{2

˙2

wγpτq “ 1 ´ |τ |
γ
, 0 ď |τ | ď γ.

Hann window

Wγpejωq “ 1

2
Dγpωq ` 1

4
Dγpω ´ π{γq

` 1

4
Dγpω ` π{γq

where Dγpωq “ sinωpγ ` 0.5q
sinω{2

wγpτq “ 1

2

ˆ
1 ` cos

πτ

γ

˙
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Common windows

Time-domain representations

wγpτq
Welch

Hann

Hamming

Bartlett

γ “ 10

0.25

0.5

0.75

1.0

lag index: τ

´15 ´10 ´5 0 5 10 15

wγpτq “ 0, for |τ | ą γ.

2023-10-24 6.41

ETFE smoothing example

Ryupτq calculation and time-domain windows, wγpτq:

wγ“250pτq

wγ“150pτq
wγ“50pτq

wγ“10pτq

Ryupτq
0

0.5

1.0

lag index: τ
´200 ´150 ´100 ´50 0 50 100 150 200
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Time-domain windows

Window characteristics: width (specified by γ parameter)

Decreasing γ: narrower wγpτq; wider Wγpejωq
§ the more frequencies, Ĝpejωnq, included in the smoothing,

§ the fewer R̂pτq estimates included in the smoothing,

§ the smoother the result,

§ the lower the noise induced variance,

§ the higher the bias.
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Input signals

Typical Operating signals

Steps
upkq

0.5

1.0

index: k
5

Doublets
upkq

´1.0

1.0

index: k
5

Sinusoids

Swept sinusoids: R experiments: un “ sinωnk, n “ 1, . . . , R.

Variants: chirp signals; multi-sines (Schroeder phasing).
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Doublet excitation

Temperature (˝C)

16

20

24

28

Date
24 Dec. 28 Dec. 01 Jan. 05 Jan.

OptiControl Phase II – Demonstrator Gebäude 

Gebäudedaten 

 Neubau 2007 

 Büro (1.-5. OG), Restaurant (EG), Einstellhalle (1.-2. UG) 

 6000 m2 klimatisierte Fläche 

 Gemessener Wärmeverbrauch 46 kWh/m2 pro Jahr 

 Gemessener Elektrizitätsverbrauch 83 kWh/m2 pro Jahr 

Gebäudetechnik 

 TABS (Heizen/Kühlen) 

 Ventilation mit Wärmerückgewinnung,  
adiabater Kühlung und Heizung 

 Radiatoren in Eckbüros 

 Wärmegenerierung: Gasboiler 

 Kältegenerierung TABS: Kühlturm  

 Storen 

 

Building identification experiments
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Input signals

Filtered white noise

u “ Lpzqe, e P N p0, 1q ϕupejωq “
ˇ̌
ˇLpejωq

ˇ̌
ˇ
2

.

Designing Lpzq specifies (in expectation) the frequency content of the input signal.

Random binary signal

upkq “ a signpepkqq, e P N p0, 1q, Rupτq “
#
a2, τ “ 0

0 τ ‰ 0,
ϕupejωq “ a2.

Weighted version: upkq “ a signpLpzqepkqq, e P N p0, 1q
Lpzq is used to modify the spectrum.
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PRBS input signals

Input sequence (X “ 6, M “ 63)

´5

0

5

index: k
62
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PRBS signals

Run length distribution

1/2 runs of length 1
1/4 runs of length 2
1/8 runs of length 3

...

Autocorrelation function

Using a calculation length of 1 period: N “ M “ 2X ´ 1.

Rupτq “ 1

N

N´1ÿ

k“0

upkqupk ´ τq “
$
&
%

a2 if τ “ 0,

´a2

p2X ´ 1q if τ ‰ 0
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PRBS input signals

Autocorrelation: Rupτq (calculation with period N “ M “ 2X “ 63)

Rupτq

´5

5

10

15

20

25

lag: τ
´31 31
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PRBS input signals

Input signal spectra: ϕupejωnq

ϕpejωn q

0.4

25.4

Frequency, ω
rad/sample

π{2 π
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Random input signals (periodic)

Random (normally distributed) signal, scaled to ˘5.

RBS input

PRBS input

randn input

´5

0

5

index: k
62
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Random input signals (periodic)

Periodic autocorrelation: Rupτq “ 1

N

N´1ÿ

k“0

upkqupk ´ τq

Rupτq

RBS input

PRBS input

randn input

´5

5

10

15

20

25

lag: τ
´31 31

2023-10-24 6.52



Input signals

Input signal spectra, ϕupejωnq: PRBS, randn and RBS signals.

ϕpejωn q

RBS input

PRBS input

randn input

0.4

25.4

77.5

Frequency, ω
rad/sample

π{2 π
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Multi-sinusoidal signals

Sum of (harmonically related) sinusoids

upkq “
Sÿ

s“1

?
2αs cos pωskT ` ϕsq where T is the sampling period,

Select S harmonically related frequencies:

ωs “ 2πls

N
, s “ 1, . . . , S.

Lowest frequency is
2πl

N
where l is an integer.

Highest frequency must be less than the Nyquist frequency:

2πlS

N
ă π, ùñ S ă N

2l
.

Total signal power “
Sÿ

s“1

αs “ 1 (normalised).
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Multi-sinusoidal signals

Schroeder phasing

upkq “
Sÿ

s“1

?
2αs cos pωskT ` ϕsq

Select the phases, ϕs, to minimise the peak amplitude of upkq.

Solution: ϕs “ 2π
sÿ

n“1

nαs.

For equal power in each sinusoid:

αs “ 1{S and ϕs “ πps2 ` sq
S

.

General case: arbitrary selection of frequencies

Consider S “ N{2 sinusoids (l “ 1).

αs ą 0 for s P tselected frequencies setu, αs “ 0 otherwise.
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Chirp signals

Lowest frequency:
2πk1
K

, Highest frequency:
2πk2
K

[radians/sample]

Define: a “ πpk2 ´ k1q
K2

, b “ 2πk1
K2

,

Input signal:

upkq “ sin ppak ` bqkq , k “ 0, 1, . . . ,K ´ 1.

upkq

´1

´0.5

0

0.5

1.0

index: k

k1 “ 4
k2 “ 48
ωlowest “ 0.098
ωhighest “ 1.18
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Chirp signals

0.1

1

10

50

Frequency, ω
(rad/sample)

0.098 1.18 π

|Upejωq|

0

5

10

15

20

25

Frequency, ω
(rad/sample)

0.098 1.18 π

|Upejωq|
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