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The pendubot 

 Planar underactuated robot 

 Introduced by Spong and Block [1995] 

 

 
 



The pendubot 

 Planar underactuated robot 

 Introduced by Spong and Block [1995] 

 

 
 



Swing up problem 

 Swing up from the low-high to high-high equilibrium while 
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New paradigm in motion control 

 

 J. Grizzle – biped robot locomotion 

 A. Shiriaev – stabilization of periodic orbits 

 Maggiore and Consolini – set stabilization 
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Euler-Lagrange systems 

 2n-dimensional system with m control inputs:                       

 

 Pendubot case:         
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Holonomic constraints 

 

 Underactuation   not all constraints are feasible 

 Same kinematics, different constraint dynamics 

 

 

 



Feasible VHC 

 VHC of order      
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VHC enforcement 

 Requirement: system is input-output feedback linearizable   {         }    

        nonsingular 
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VHC Generator 
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VHC Generator 

 

 Satisfying           nonsingular on   is equivalent to:    ̂     ̂    ̂          

 Let       and solve the ODE for  ̂    

 For the pendubot find constraint                      {           } 

 Impose   -periodicity:          

 

 



VHC Generator 

 Choose   such that:   {   }          

 

 

 

 

 

 

 

 

 

 

 

 

 

 



VHC Generator 
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Motion on   

 1-DOF unforced system                 

 

 

 

 

 

 

 

 

 

 

 

 

 



Motion on   

 1-DOF unforced system                 

 Letting: 

 

 The reduced system has an integral of motion:                      
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Reduced dynamics 

 Reduced dynamics are Euler-Lagrange if     and     are   -

periodic  

 

 

 

        



Reduced dynamics 

 Qualitative properties: 

 

 

 

      

                  

          

 



Energy properties 

 

 

(     ) (     ) 

  

 (     ) 



Energy-based stabilization 

 Objective: stabilize a high energy level set contained in     {                 } 

 

 

 

 

 

 

 

 

 

 

 

 

 



Energy-based stabilization 

 Objective: stabilize a high energy level set contained in     {                 } 

 Dynamically change the geometry of the VHC:    ̂     ̂       

 

 

 

 

 

 

 

 

 



Energy-based stabilization 

 Objective: stabilize a high energy level set contained in     {                 } 

 Dynamically change the geometry of the VHC:    ̂     ̂       

 The augmented system is also Euler-Lagrange: 
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Motion on  ̅ 

 Reduced dynamics now have a control input 

 

 

 

 

 

 

 

 

 

 

 

                                              



Motion on  ̅ 

 Reduced dynamics now have a control input 

 

 The objective becomes:  ̅   {           ̅                  } 

 Use energy based controller             [         ]             

 

 

 

 

                                              



Swing-up - simulation 
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Swing-up - experiment 
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Swing-up - experiment 
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Summary and Direction 

 Formulated hierarchical control objectives in terms of zero-level 

sets of functions 

 Reduced the order of the system to obtain a desired periodic 

motion 

 Extension to electrical domain: control of oscillations in power 

grids  

 

Example: D. Jankuloski, M. Maggiore, L. Consolini, Synchronizing N cart-

pendulums using Virtual Holonomic Constraints, American Control 

Conference, Montreal, Canada, 2012 
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