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Abstract

We consider a dynamic model of a three-phase power system including nonlinear generator dynamics, inverter dynamics transmission line dynamics, and static nonlinear loads. We study conditions
under which the power system admits a steady-state behavior characterized by balanced and sinusoidal three-phase AC signals of the same synchronous frequency as well as a power balance for
each single device. Necessary and sufficient conditions on the inputs are derived which ensure that the set on which the dynamics of the power system match the desired steady-state behavior
is control-invariant. Subsequently, we arrive at a separation between transmission network, generators, and inverters, which allows us to recover the entire steady-state behavior solely from a
prescribed operating point of the transmission network. Moreover, we constructively obtain network balance equations typically encountered in power flow analysis and show that the power system
admits the desired steady-state if the network balance equations can be solved.

Power Network Model in Stationary Coordinates (α,β)

Hamiltonian dynamics ẋ = (J −R)∇H(x) + gu = f (x, u)
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Hamiltonian (total energy):

H(x) = 1

2

(
p>M−1p + λ>L−1θ λ + q>I C

−1
I qI + λ>I L

−1
I λI + q>C−1q + λ>TL

−1
T λT

)
, ∇H(x) = (ω, i, vI , iI , v, iT )

Synchronous machine k ∈ G:

θ̇k =Mk
−1pk

ṗk = −DkMk
−1pk − τe,k + τm,k

λ̇k = −RkL−1θ,kλk +
[
C−1k qk
vf,k

]
q̇k = −GkC−1k qk − IsL−1θ,kλk − Eq,kL

−1
T λT

Inductance matrix:

Lθ,k =

 ls,k 0 lm,k cos(θk)
0 ls,k lm,k sin(θk)

lm,k cos(θk) lm,k sin(θk) lr,k


DC/AC Inverter k ∈ I:

q̇I,k = −GI,kC−1I,kqI,k +
1

2
λ>I,kL

−1
I,kmk + iDC,k

λ̇I,k = −RI,kL−1I,kλI,k + C−1k qk −
1

2
C−1I,kqI,kmk

q̇k = −GkC−1k qk − L−1I,kλI,k − Eq,kL
−1
T λT

Nonlinear load k ∈ L:

q̇k = −Gk(‖qk‖)C−1k qk − Eq,kL−1T λT

Transmission line k ∈ T:

λ̇T,k = −RT,kL−1T,kλT,k + E
>
T,kC

−1q

Steady-State Specification

steady-state behavior specified by synchronous frequency ω0 and
constant amplitude

Generators:

θ̇k = ω0

ṗk = 0

λ̇k = ω0jλk
q̇k = ω0jqk

Inverters:

q̇I,k = 0

λ̇I,k = ω0jλI,k
q̇k = ω0jqk

Loads:

q̇k = ω0jqk

Transmission lines:

λ̇T,k = ω0jλT,k

rotations parametrized by: j =

[
0 −1
1 0

]
, j =

[
j 02×1

01×2 0

]
steady-state specification: ẋ = fd (x, ω0)

vector fields coincide (point wise in time) on the set S:

S := {(x, u, ω0) ∈ Rnx × Rnu × R | f (x, u) = fd(x, ω0)}

specifies constant energy in each device

Controlled-Invariance Condition

steady-state operation requires (x, u, ω0) ∈ S for all time:
. i.e. if and only if d

dtf (x, u)− fd(x, ω0) = 0 for all (x, u, ω0) ∈ S

this holds if and only if:
. inputs τm, vf , and iDC are constant

. m oscillates with synchronous frequency ω0 and constant amplitude

. frequency ω0 is constant

Exploiting the Networked System Structure

the system admits a non-trivial synchronous steady-state if and only if
the network nodal current balance equations have a non-trivial solution

nodal current balance equations (=power flow equation):

Pω0
:= {(is, iI, v) ∈ Rnp | (is, iI, 02nl) + YNv = 0nK}

network admittance matrix YN = Yv + EZ−1T E> with
. Yv = Gv + ω0JnvC (shunt load admittance)

. ZT = RT + ω0JnTLT (branch impedance)

. ZT ,Yv, and YN invertible due to dissipation

for any (is, iI, v) ∈ Pω0
the states and inputs of the generators and

inverters such that (x, u) ∈ Sω0
holds can be explicitly recovered

Summary

steady-state analysis of a nonlinear three phase power network
including synchronous machines, DC/AC inverters, and
transmission network

well-known conditions for steady-state operation can be constructively
obtained from first-principles

constant generator inputs induce oscillatory steady-state described by
network balance equations

non-trivial solution of the power flow equations corresponds to desired
steady-state

separation principle allows to recover the full system state from a
solution to the balance equations of the transmission network
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