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Abstract. Recent work on early vision such as image segmentation,
image restoration, stereo matching, and optical flow models these problems using Markov Random Fields. Although this formulation yields an
NP-hard energy minimization problem, good heuristics have been developed based on graph cuts and belief propagation. Nevertheless both
approaches still require tens of seconds to solve stereo problems on recent PCs. Such running times are impractical for optical flow and many
image segmentation and restoration problems. We show how to reduce
the computational complexity of belief propagation by applying the Four
Color Theorem to limit the maximum number of labels in the underlying
image segmentation to at most four. We show that this provides substantial speed improvements for large inputs to a variety of vision problems,
while maintaining competitive result quality.
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Introduction

Much recent work on early vision algorithms such as image segmentation, image restoration, stereo matching, and optical flow models these problems using
Markov Random Fields (MRF). Although this formulation yields an NP-hard
energy minimization problem, good heuristics have been developed based on
graph cuts [2] and belief propagation [12, 8]. A comparison between the two different approaches for the case of stereo matching is described in [9]. Nevertheless
both approaches still require tens of seconds to solve stereo problems on recent
PCs. Such running times are impractical for optical flow and many image segmentation and restoration problems. Alternative, faster methods generally give
inferior results.
In the case of Belief Propagation (BP), a key reason for its slow performance
is that the algorithm complexity is proportional to both the number of pixels in
the image, and the number of labels in the underlying image segmentation, which
is typically high. If we could limit the number of labels, its speed performance
should improve greatly. Our key observation is that by modifying the propagation
algorithms we can reuse labels for non-adjacent segments. Since image segments
form a planar graph, they therefore require at most four labels by virtue of the
Four Color Theorem (FCT).
In this paper we use the Four Color Theorem [6] from planar maps in early
vision. FCT states that for any 2D map there is a four-color covering such that
contiguous regions sharing a common boundary (with more than a single point)
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do not have the same color. F. Guthrie first conjectured the theorem in 1852
(Guthrie’s problem). The consequence of this theorem is that when an image,
seen as a planar graph, is segmented into contiguous regions, there are only four
colors to be assigned for each pixel/node. Algorithmically speaking, for each
pixel/node there is only one of four decisions that can be taken.
This paper aims to exploit this result from graph theory by presenting new
algorithmic techniques that substantially improve the running time of BP, as
well as providing alternatives to fast local methods for early vision problems. In
the case of image segmentation, we obtain results comparable to traditional fast
loglinear Minimum Spanning Tree (MST)-based methods [3]. Our implementation has linear time complexity in the number of pixels. The same principle is
demonstrated for image restoration, independent of the number of labels. Stereo
matching can benefit by replacing the color segmentation step from existing
methods with our segmentation. All the previously mentioned cases and the optical flow estimation are also addressed by using a proposed multi-scale loopy
belief propagation which works with only four labels. In practice, we obtain faster
local and global techniques that are as accurate as other well-known standard
methods.
To our knowledge, Vese and Chan [11] are the first to use the Four-Color
Theorem in computer vision for their multiphase level set framework, in the
piecewise smooth case. The Four-Color Theorem also provides a hard upper
bound of two bits to the amount of space required to store a pixel in color-coded
image partitions, which is still sub-optimal according to information theory [1].
The general framework for the problems we consider here can be defined as
follows (we use the notation and formulation from [4]). Let P be the set of pixels
p in an image and L be a set of labels. The labels correspond to the quantities
that we want to estimate at each pixel, such as disparities, intensities, or classes.
A labeling f then assigns a label fp ∈ L to each pixel p. Typically, a label varies
smoothly except for a limited number of places, where it changes discontinuously,
i.e. at segment edges. A labeling is evaluated through an energy function,
X
X
E(f ) =
V (fp , fq ) +
Dp (fp )
(1)
(p,q)∈N

p∈P

where N are the edges in the four-connected image grid. V (fp , fq ) is the pairwise
cost or ‘discontinuity cost’ of assigning labels fp and fq to two neighboring pixels.
Dp (fp ) is the unary cost or ‘data cost’ of assigning label fp to pixel p. Finding a
labeling with minimum energy corresponds to the MAP estimation problem for
an appropriately defined MRF.
The remainder of the paper is structured as follows. Section 2 reviews Loopy
Belief Propagation (LBP). In Section 3, the Four Color Theorem-based techniques are incorporated in both the LBP framework and a fast forward BP
approximation. Section 4 describes the experiments that were conducted, and
how the proposed techniques can be used for tasks like image segmentation, image restoration, stereo matching, and optical flow. The conclusions are drawn in
Section 5.
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3

Loopy Belief Propagation

For inference on MRFs, Loopy Belief Propagation can be used [12]. In particular,
the max-product approach finds an approximate minimum cost labeling of energy functions in the form of Eq. (1). As an alternative to a formulation in terms
of probability distributions, an equivalent formulation uses negative log probabilities, where the max-product becomes a min-sum. Following Felzenszwalb and
Huttenlocher [4], we use this formulation as it is numerically more robust and
makes more direct use of the energy function.
The max-product BP algorithm passes messages around on a graph defined
by the 4-connected image grid. Each message is a vector, with the number of
possible labels as dimension. Let mtp→q be the message that node p passes on
to a neighboring node q at time t, 0 < t ≤ T . Consistent with the negative log
formulation, all entries in m0p→q are initialized to zero. At each iteration new
messages are computed as follows:
X
mtp→q (fq ) = min(V (fp , fq ) + Dp (fp ) +
mt−1
(2)
s→p (fp ))
fp

s∈N (p)\q

where N (p) \ q denotes all of p’s neighbors, except q. After T iterations, a belief
vector is computed for each node,
X
bq (fq ) = Dq (fq ) +
mTp→q (fq )
(3)
p∈N (q)

Finally, for each node q, the label fq∗ that minimizes bq (fq ), is selected. The
standard implementation of this message passing algorithm runs in O(nk 2 T )
time, with n the number of pixels, k the number of possible labels, and T the
number of iterations. Essentially it takes O(k 2 ) time to compute each message
and there are O(n) messages per iteration. In [4] the time of computing each
message is reduced to O(k) for particular classes of data cost functions such
as truncated linear and quadratic models combined with a Potts model for the
discontinuity cost.
2.1

Multiscale BP on the Grid Graph

As in [4], we can color the 2D grid in a checkerboard pattern where every edge
connects nodes of different colors, so the grid graph is bipartite. By using this
property, we compute only half of the messages corresponding to the same color
nodes with the color alternating at each iteration. This scheme has the advantage
of using the same memory space for storing the updated messages. Another
technique explained in [4] and used here addresses the problem of BP information
flow that implies the use of many iterations to cover large distances. One solution
is to perform BP in a coarse-to-fine manner, so that the long-range interactions
between nodes are captured by shorter ones in coarser graphs. The minimization
function does not change. In this hierarchical approach, BP runs at one resolution
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level in order to get estimates for the next finer level. Better initial estimates
help to speed up the convergence. The pyramidal structure works as follows. The
zero-th level is the original image. The i-th level corresponds to a lower-resolution
version with blocks of 2i × 2i pixels grouped together. The resulting blocks are
still connected in a grid structure (see Fig.1). For a block b, the adapted data
cost of assigning label fb is
X
Db (fb ) =
Dp (fp )
(4)
p∈b

where the sum runs over all pixels in the block. The multiscale algorithm first
solves the problem at the coarsest level, where the messages are initialized to
zero. Subsequent finer levels take the previous, coarser level as initialization. In
the 4-connected grid each node p sends messages in all 4 directions, right, left,
up, down. Let rpt be the message sent by node p to the right at iteration t, and
similarly lpt , utp , dtp for the other directions. This is just a renaming. If q is the
right neighbor of p then rpt = mtp→q and lqt = mtq→p . For a node p at level i − 1,
the messages will be initialized with the ones obtained by solving the level i for
the containing block p0 :
0
rp,i−1
← rpT0 ,i
0
up,i−1 ← uTp0 ,i

0
lp,i−1
← lpT0 ,i
0
dp,i−1 ← dTp0 ,i

(5)

Note that the total number of nodes in a quad-tree is 4/3 the number of nodes at
the finest level, so the overhead introduced by the multiscale approach is as much
as 1/3 of the original standard single scale approach, but it results in a greatly
reduced number of iterations (between five and ten iterations instead of hundreds) for convergence. In general, the number of levels needed is proportional
to log2 of the image diameter.

multiscale - level 0

multiscale - level 1

zigzag forward

4 colors pencil

Fig. 1. Levels in multiscale and zigzag forward traversal for a 2D grid. A 4 color pencil
(potential connections) between two neighbors.

2.2

Forward Belief Propagation

We propose a traversing order for the nodes in the 2D grid as another way to
speed up the propagation of beliefs. Applying sequentially the message updates
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in the imposed order allows a belief from one node to influence all the following
nodes in the traversing order considered.
Following the traversal order while updating the messages corresponds to a
Forward Belief Propagation (FBP) variant, while Backward Belief Propagation
(BBP) corresponds to the reverse order of the traversal.
Here we consider the traversing order to be in a zigzag/square wave pattern
(see Fig. 1), thus by starting from top-left we go to the top-right, then we go
down one line and take the path back to left, where we move to the next line
and repeat the procedure until no line remains unvisited. This traversing order
has some advantages in canceling/reducing the incorrectly propagated beliefs.
The message costs have to be normalized. One way of doing it is to simply
divide by the number of messages used for computing them. In our 4 -connected
grid graph, we divide the costs of the newly updated messages by 4.
Note that the FBP variant can be used in the multiscale framework as described in Section 2.1. In our implementations we take the forward traversal
order (Fig. 1) in the odd iterations and the backward traversal order in the even
iterations. Replacing the checkerboard scheme with FBP traversing in the multiscale BP framework (BP-FH) from [4] provides very similar performance in the
stereo and restoration tasks. We refer to this method as Forward Belief Propagation - Multi Scale (FBP-MS). Without multiscale guidance, FBP usually gets
stuck in a poor solution.

3

Four-Color Theorem in BP

In this paper, inspired by the Four-Color Theorem, we reduce the number of
working labels to at most four. This is possible by using an extra parameter µ
for the quantity estimated in each pixel, which encapsulates the role of the old
labels (data anchors). By keeping only four labels, one for each possible color of
one pixel/node in the 2D grid graph, we obtain an algorithm that is linear in the
number of pixels and very fast in practice. Moreover, our results are comparable
to those obtained when using standard max-product BP, efficient multiscale
BP [4], or graph cut algorithms to minimize energy functions of the form in
Eq. (1). In the case of stereo matching, we quantify this using the benchmark
in [7].
On the right side of Fig.1 we show two neighboring nodes/pixels with 4
colors/states and a pencil. The pencil shows the possible links for one state to
connect to the states of the neighboring node/pixel. Here, as usual, only the best
connection is used, the one that minimizes a certain energy.
The Four-Color Theorem says that we can cover an image with disjoint segments, where each segment has one of no more than four colors, and no two
segments sharing a border of more than one pixel have the same color. The total
number of segments for the problems considered here is a priori unknown but
upper bounded by the number of pixels. Let S be the set of segments. Thus,
locally each pixel can belong to one of four colors and the color itself represents
the segment of pixels connected through the same color. Equation (1) can be
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rewritten as
X

E(s) =

(p,q)∈N

V (sp , sq ) +

X

Dp (sp )

(6)

p∈P

where a labeling s assigns a segment sp from the set of segments S to each pixel
p from P .
3.1

BP with Four-Colors

In order to work with four colors, the labeling f , in our new formulation, assigns
fp ∈ C to each pixel p ∈ P , where the cardinality of C is 4 (|C| = 4). In the left
part of Fig. 2 a 4-connected grid neighborhood is depicted for the Four-Colors
case. The edges/connections to the neighboring nodes are picked to minimize the
costs in the BP formulation. For each pixel p, each possible color/state c, and
each neighbor q, we have a data parameter that is continuously updated through
message passing, µtp→q (c) at iteration t. Also, µtq (c) is updated by using the
incoming messages (including µtp→q (c)). The data parameter, which represents
a quantity to be estimated in each pixel, is the equivalent of the labels in the
original BP formulation, where the labels are in a bijection to the set of quantities
to be estimated. The initial values for µ0p (c) and µ0p→q (c) depend on the data;
we set them to the best observation we have. For example, in stereo matching,
these will be the best scoring disparities in each pixel (in a winner-take-all sense)
and in image restoration, the original pixel values. When we compute the new
messages (Eq. (2)), we also store the color atp→q for which we have the minimum
message energy at iteration t:
X
atp→q (fq ) = arg min(V (fp , fq ) + Dp (fp ) +
mt−1
(7)
s→p (fp ))
fp

s∈N (p)\q

Also, at each iteration, part of the message is the data parameter estimation:
t
µtp→q (fq ) = µt−1
p (ap→q (fq ))

(8)

We call this formulation BP-FCT, standing for Belief Propagation with FourColor Theorem principle.
3.2

FBP with Four-Colors

FBP (see Section 2.2) does not produce good quality results on its own (e.g., in
the absence of multiscale guidance). A solution is to consider a different updating scheme at each step which employs local consistency. Instead of computing
standard message updating, where it is assumed that the history and neighborhood belief are stored/propagated in all the messages reaching the current node
and taking simply the best updates, we are exploiting the ordering introduced
in FBP, and keep track of the links/connections/edges which provided the best
costs for each node and state/color in the grid. Thus the nodes are processed
sequentially, following the imposed order. We compute the current best costs
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Fig. 2. Four Colors pixel neighborhood used in computing message updates, the case
for BP-FCT (left) and FBP-FCT(right).

only based on the connections to the previously processed nodes. These are (for
an inner node) the previously processed node (in the traversal order) and the
neighboring node from the previously processed line.
For each pixel x and each possible color/state cx ∈ C, we keep the minimum
obtained energy E(x, cx ), the average image intensity/color µx,cx of the segment
sx,cx where x belongs, and the number of pixels in the current segment nsx,cx .
We use the following notations:
cp(x, cx ) - color/state from the preceding pixel in the FBP traversing order
that contributed to the energy E(x, cx ) (i.e: cp(A, blue) = yellow in Fig. 2).
lp(x) - link to the preceding pixel in the FBP traversing order for x.
cu(x, cx ) - color/state from the upper pixel in the FBP traversing order that
contributed to the energy E(x, cx ) (i.e: cu(A, red) = green in Fig. 2).
lu(x) - link to the upper pixel in the FBP traversing order for x (i.e: lu(A) =
D, lp(A) = B in Fig. 2).
The right part of Fig. 2 shows the general case where for the current node
A we are using only what we know in the already traversed nodes (B, C, D).
To enforce local consistency, we calculate the energy of each potential state of
a pixel A not only from the previous pixel B, but also from the state of the
pixel D above induced by the state in B. For example, in Fig. 2, to compute the
energy to transition from the green state in B to the red state in A we observe
that when B is green, D is also green. Therefore, the potential energy in A’s red
state, if B’s green state is considered as connection, is the sum of the transition
energy from B’s green state and D’s green state. Computing the best costs for
a node A’s state requires first considering all of previously processed node B’s
states each paired with the state in D (the neighboring node in the previously
processed line) that propagates to it, then taking the minium computed energy
among these alternatives.
Thus, the energy E(x, cx ) is computed consistently if lu(x) = lp(lu(lp(x)))
and cu(x, cx ) = cp(lu(lp(x)), cu(lp(x), cp(x, cx ))), which enforces that the con-
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necting color of the previously processed pixel to be the result/propagation of
the connecting color of the neighboring pixel from the previously processed line:
E(x, cx ) = min {E(lp(x), cp ) + h ((x, cx ), (lp(x), cp )) + h ((x, cx ), (lu(x), cup ))}
cp ∈C

(9)
where cup = cp(lu(lp(x)), cu(lp(x), cp )), and

dist(pxlx , pxly , σc ) + dist(µx,cx , µy,cy , σm ) if cx = cy
h((x, cx ), (y, cy )) =
2 − [dist(pxlx , pxly , σc ) + dist(µx,cx , µy,cy , σm )] if cx =
6 cy
(10)
where dist(µx,cx , µy,cy , σm ) is the data cost, and


ku − vk1
(11)
dist(u, v, σ) = 1 − exp −
2σ 2
The distance/penalty dist(u, v, σ) between pixel values penalizes a for segment
discontinuities between similar values (ku − vk1 < 2σ 2 ), while if the pixels are
very different, the penalty is reasonable small. The function models the distribution of noise among neighboring pixels, as σ is an estimation of the camera
noise. The argument cp that gives the minimum energy E(x, cx ) is stored in
cp(x, cx ) = cp . Also the link to the upper pixel state is stored in cu(x, cx ) = cup .
Given the previous notations, the segment color µx,cx and the approximated
number of pixels which belong to the segment, nsx,cx , are obtained as follows:

if cx = cp(x, cx )
 nslp(x),cp(x,cx ) + 1
nsx,cx = nslu(x),cu(x,cx ) + 1 if cx = cu(x, cx ) ∧ cx 6= cp(x, cx )
(12)

1
otherwise

if cx = cp(x, cx )
 (µlp(x),cp(x,cx ) nslp(x),cp(x,cx ) + pxlx )/nsx,cx
µx,cx = (µlu(x),cu(x,cx ) nslu(x),cu(x,cx ) + pxlx )/nsx,cx if cx = cu(x, cx ) ∧ cx 6= cp(x, cx )

pxlx
otherwise
(13)

4

Experiments

We now demonstrate how the proposed methods can be used in different early
vision applications that can be formulated as energy minimization problems
through a MRF model.
For all experiments we provide details about discontinuity costs (V (fp , fq )),
data costs (Dp (fp )), and message updates/computations (µtp (fp ), mtp→q (fq )).
Also, we provide a comparison with well-known standard methods. The images
used are from the Berkeley Segmentation Dataset [5], and the Middlebury Stereo
Datasets [7], and [4].
All the provided running times were obtained on an Intel Core 2 Duo T7250
(2.0GHz/800Mhz FSB, 2MB Cache) notebook with 2GB RAM. More results are
available at: http://homes.esat.kuleuven.be/˜rtimofte/
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Fig. 3. Segmentation results.

4.1

Image segmentation

For comparison, we use our proposed method based on the Four-Color Theorem
- FBP-FCT (see Section 3.2) and a standard Minimum Spanning Tree based
method - MST-FH from [3].
The oversegmentation in our FBP-FCT is addressed in a similar fashion to
MST-FH in [3]. The smaller (than an imposed minimum size) segments are
merged with other segments until no segment with a size less than the minimum imposed remains. We use the original MST-FH implementation with the
original parameters (σ = 0.8, k = 300). Our FBP-FCT method uses an initial
smoothing of the image with σ = 0.7, σc = 3.2, and σm = 4.2. We set k = 300
and the minimum size for both methods is 50 pixels. Fig. 3 depicts the image
segmentation results for several cases.
MST-FH is an O(n log n) algorithm, while FBP-FCT is O(n|C|2 ). This means
(and our tests show) that FBP-FCT and MST-FH have comparable running
times on low resolution images while for high resolutions images (log n > |C|2 ),
the FBP-FCT is faster. For example, Venus RGB image with 434 × 383 pixels
(top-left in Fig. 3) is processed by MST-FH in about 200ms, while our approach
takes 250ms.
4.2

Image restoration

The image restoration problem is a case where usually the number of labels (in
an MRF/BP formulation) is very large since it is equal to the number of intensity levels/colors used. We argue that this way of seeing the problem, besides
being computationally demanding, does not take advantage of the relation that
exists between labels as intensities. The intensity values are obtained through
uniform sampling of a continuous signal, therefore carry direct information on
their relative closeness. Instead of updating labels through selection from neighboring labels, such update can result from a mathematical operation on such
neighboring labels, e.g. by averaging.
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In the BP-FCT formulation (see Section 3.1) we take the following updating
function for the intensity data at each message:
P
kr I(q) + p∈N (q)\q (µtp→q (fq )[atp→q (fq ) = fq ])
t
P
µq (fq ) =
(14)
kr + p∈N (q)\q [atp→q (fq ) = fq ]
where [· = ·] is the Iverson bracket for Kronecker’s delta, i.e. it returns 1 for
equality, 0 otherwise. kr is the weight/contribution of the observed value I(q) in
the updated data term. Here we use kr = 0.25.
The data cost for a pixel p, at iteration t is:
Dp (fp ) = min(kI(p) − µt−1
p (fp )k2 , τ1 )

(15)

and counts for the difference between the estimated intensity value µtp (fp ) at
iteration t and the observed one I(p) for the pixel p under labeling fp . The
discontinuity cost is given by:
t−1
V (fp , fq ) = s min(kµt−1
p (fp ) − µq (fq )k2 , τ2 )

(16)

We compare BP-FCT (Section 3.1) and FBP-FCT (Section 3.2) with BPFH[4]. For this purpose the gray-scale images are corrupted by adding an independent and identically-distributed Gaussian noise with zero-mean and variance
30. We use the original available implementation for multiscale BP-FH. For fair
comparison we apply, as in BP-FH, a Gaussian smoothing with standard deviation 1.5 before processing the corrupted images. We set σc = σm = 3.2 for
FBP-FCT, while BP-FCT uses for discontinuity truncation τ2 = 200, for data
truncation τ1 = 10000 and for the rate of increase in the cost s = 1.
Reducing the number of labels when |L|  |C|2 assures a considerable speedup of our proposed methods (BP-FCT - O(n|C|2 T ), FBP-FCT - O(n|C|2 )),
over the standard multi-scale BP-FH which has a time complexity of O(n|L|T ).
Image restoration results are shown in Fig. 4. For all the images tested BPFCT and FBP-FCT had better or similar restoration performance (in terms
of PSNR) than the BP-FH method, while being up to 100 times faster. For
example, the Boat gray-scale corrupted image with 321 × 481 pixels (top row
in Fig. 4) is processed by FBP-FCT in about 200ms, by BP-FCT in 4 seconds,
while BP-FH takes more than 30 seconds. The computed PSNR (in dB) for
the Penguin images are: P SN RCorrupted = 18.87, P SN RF BP −F CT = 25.76,
P SN RBP −F CT = 27.21, P SN RBP −F H = 26.02. Having a restoration method
that works for a single channel image (gray levels), usually the multi-channel
images (e.g: RGB) are processed for each channel individually and the restored
image is the union of the restored channels.
4.3

Stereo matching

For stereo matching, in the BP-FCT (see Section 3.1) framework we define the
following cost and update functions.
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Fig. 4. Restoration results. BP-FCT and FBP-FCT perform better than BP-FH (in
terms of PSNR) while being 1 up to 2 orders of magnitude faster.

For a pixel p = (i, j) whose intensity is Il (i, j) in the left camera image, the
cost for a disparity of d is:
DSI(p, d) = s min(kIl (i, j) − Ir (i − d, j)k2 , τs )

(17)

where s = 0.1 and τs = 10000. The data cost at iteration t is:
Dp (fp ) = DSI(p, µt−1
p (fp ))
The data update at iteration t is:

arg mind DSI(p, d)
if W (q) = ∅
µtq (fq ) =
otherwise
arg minµtp→q (fq ),p∈W (q) (DSI(p, µtp→q (fq )))
where W (q) = {p ∈ N (q)|atp→q (fq ) = fq }.
The discontinuity cost is given by:

0 if fp = fq
V (fp , fq ) =
τv otherwise

(18)

(19)

(20)

where τv = 40 in our experiments. Figure 5 depicts results of the BP-FCT
method in comparison with BP-FH. Here we see a case where our approach does
not improve upon the full BP-FH [4] formulation. The main reason for the poorer
performance is the discrete nature of the cost function. There is no smooth transition in costs from one disparity to a neighboring one with respect to difference
in absolute values. This makes it difficult to define an updating function for
the data estimation when we work with four colors. Our intuition is to pick the
best disparity from the same color segment and in the absence of connections
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Fig. 5. Stereo matching results. a) Our implementation of [10] where for image segmentation we use our FBP-FCT, b) BP-FCT, c) BP-FH from [4].

to neighbors with the same color, to return to the best observed disparity (see
Eq. (19)). The drawback is that our proposed method needs more iterations per
level to achieve a similar performance to BP-FH. In our experiments, it takes
between five and ten times more iterations than BP-FH to achieve similar performance, however this is not directly seen in the running time for large inputs,
since our method has O(n|C|2 T ) complexity and BP-FH O(n|L|T ). Starting
from the case where |L| > 4|C|2 our proposed method (BP-FCT) is similar or
considerably faster (|L|  4|C|2 ).
For stereo matching based on image segmentation, our proposed segmentation method (FBP-FCT) can be integrated as a fast oversegmentation step.
Figure 5 depicts results where we used our segmentation and our implementation
of the pipeline from [10]. This is a winner-take-all method that combines fast
aggregation of costs in a window around each pixel with costs from the segment
support to which the pixel belongs. According to the Middlebury benchmark [7],
this implementation ranks 76th out of 88 current methods.
4.4

Optical flow

In motion flow estimation, the labels correspond to different displacement vectors. While in stereo matching the disparities were evaluated along the scanline,
here the displaced/corresponding pixels are to be found in a surrounding window in the paired images. Thus, the set of labels goes quadratic when compared
with stereo. We are using the cost functions as defined for stereo matching in the
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Fig. 6. Optical flow results for the Tsukuba and Venus image pairs.

BP-FCT framework (see Section 4.3), where d is a mapping for displacements.
For a pixel p = (i, j) whose intensity is Il (i, j) in the left image, the cost for a
displacement of d(i, j) = (di , dj ) is:
DSI(p, d) = s min(kIl (i, j) − Ir (i − di , j − dj )k2 , τs )

(21)

where s = 0.1 and τs = 10000. The other cost functions are given by Eqs (18), (19),
and (20). We keep the same values for parameters as in the stereo case, Section 4.3.
Note that increasing the set/space of displacement values will not increase
the computational time of our Four-Color Theorem based BP approach, since
the set is decoupled from the working set of labels, the four colors. However,
the DSI still needs to be computed for having good initial estimates. In our
case, the optical flow case takes as much running time as the stereo case (see
Section 4.3) for the same size images, when the DSI computation is neglected.
Figure 6 shows the results on standard stereo image pairs by using the optical flow formulation. For this we are considering as disparity the distance from
the left pixel to the corresponding pixel in the right image. We see that the
results are worse but very close to the ones obtained in the specific stereo formulation (Fig. 5). Increasing the number of displacements from 16(20) in the
Tsukuba(Venus) pair in the stereo case to as much as 1024(1600) (about two
orders magnitude bigger) causes a drop of only 4% in the quality of the results,
but does not increase the computational time of the BP-FCT algorithm. However, the DSI computation time taken individually increases linearly with the
number of possible displacements.

5

Conclusions

We have presented how the Four-Color Theorem based on the max-product
belief propagation technique can be used in early computer vision for solving
MRF problems where an energy is to be minimized. Our proposed methods
yield comparable results with other methods, but improve either the speed for
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large images and/or large label sets (the case of image segmentation, stereo
matching and optical flow), or both the performance and speed (the case of
image restoration).
The Four Color Theorem principle is difficult to apply in cases where the
label set is discrete and no natural order/relation between them can be inferred.
This is the case for stereo matching and optical flow, where the disparity cost
function takes discrete, unrelated values. This causes slower convergence, but is
compensated by the low time complexity of the methods, independent of the
number of labels. Thus, the proposed methods perform faster than the standard
methods considered here, at least for large inputs.
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project.
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