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1. To find the equilibria of the system & = Az we set © = 0. So Az = 0:

Az =0 &
_1 1
1 ]n ]
2 2 2
T = Io

Figure 1 shows the locations of the equilibria of the system in the x1 - xo plane.
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Figure 1: Equilibria locations in z1 - x2 plane.

2. Stability of & = 0 can be determined from the eigenvalues of the matrix A, i.e. the
roots of the characteristic polynomial |\ — A]

AN —-A = 0=
1 _1
‘“% Pl = 0=
— Ats
1 1
2 _— = =
)\+>\+4 1 0=
AA+1) = 0=
A=0,A=-1 (1)

The eigenvalues of matrix A are distinct and non-positive so the system is stable.
Since A = 0 us an eigenvalue, the system is not asymptotically stable.
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3. The eigenvectors of the matrix A can be computed by the equation: Aw; = A\w;
where ); is eigenvalue of the matrtix A.

For A = 0:

1 1 1 1

-5 3 T 0 —571 + 5%
i _i L= = 51_12 =0= 21 =29
3 2 €To 0 2.’E1 21‘2

1 1 1 1
—5 5 T —T —5T1 + 522 —T1
i1 =| = [ =1 = x9 = —x1
5 5 T2 T2 3T1 — 5T2 T2

So the two eigenvectors are:

and are shown in Fig. 2.
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Figure 2: System eigenvectors.

The state transition matrix et

can be computed by the equation:
et = weltw—! (2)

where

W= w m}:[} _H and Azm ASHO 0]

Replacing W and A in Eq. 2 we have:

r 1 1
“= ]l AL
_1—1 0 e 5 T3
r - 1 1
20 ]
[ 1 —e 7 2
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4. Given the transition matrix e

|

o= o)

When ¢t — oo:

x1’=—0.5x1+0.5x
><2’=0.5><1—O.5><2

2

A

t—o0

|

t and an initial condition 2o = [z01 T02]
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Figure 3: System phase plane.
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1. The system is uncontrollable since there is no input!
To check the observability, we compute the observability matrix
C 1 00
Q=| CA |=|10 10 (3)
CA? 0 0 1
Q@ has full rank, so the system is observable.
2. First, note the basic results 1 = Az and z9 = Az = A%zy. Therefore
yo=Czg = [ 100 |z (4)
Y1 = C$1 = CAJ:O = [ 010 ] i) (5)
Yo = C.%'Q = CA2x0 = [ 001 ] i) (6)
Stacking yo, y1, and ys, we obtain the relation
Yo 1 0 0
n|=101 0 |x=uxo. (7)
Y2 0 01
3. By definition,
€ =Tk — Lk = g1 = Tpy1 — Tkt (8)
= Aa;k — Ai’k - L(yk - Ci:k) (9)
= A(l’k - (i‘k) — LC({Ek — .ﬁk) (10)
[0 1 0 Iy
A-LC = |00 1 |—|l|[100] (12)
| 0 0 0 I3
[ —1; 1 0
= —ly 0 1 (13)
| —Ii3 0 0

4. Our system is discrete time, thus we should choose A = % for the dynamics of the

error to be stable. Therefore, we would like to choose L such that the matrix has
three eigenvalues at A = % Next, we solve the characteristic equation of A — LC

A4+l -1 0
det(\— (A—LC)) = det| 1o A -1
I3 0 A

= MNP HUA+1) +13
- NN+ A+ 13

(14)
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We thus have our characteristic polynomial in terms of the variables of L. However,
we require the eigenvalues to all have value A = % Thus, we require

1

deth— (A—-LC)) = (A — 5)3 (17)
3 3. 1
= /\3—5)\24—1/\—5 (18)

Which, when compared to the analytical characteristic polynomial, leads us to choose
our gain matrix L to be

I -3
L=1|1 | = gl : (19)
I3 —3
In this part, we designed a stable observer with eigenvalues at A = % Thus, as

k — oo, e — 0. Therefore, even if our initial state estimate Zy is inaccurate or
we have noisy measurements gy, our error is always guaranteed to remain stable,
and generally head towards zero. This is not the case for the observer in part 2.
However, given that the eigenvalues of the error are non-zero, if we have a non-zero
initial error, our observer error in part 4 will never go to exactly zero (it will only
converge towards zero) even with perfect measurement values. Under these same
conditions, our observer in part 2 works perfectly since it does not depend on an
initial guess of Zy.

(Alternatively)
Part 2: Finite time convergence but prone to measurement noise.

Part 4: Requires infinite time to converge but more robust to noise (it takes into
account all measurements, not just the first three).
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112|134 Aufgabe

58 7|5 | 25 Punkte

1. P= [(1) ﬂ : the system is controllable.
10 .
Q= [ 1 1] : the system is observable.
A—-1 -1
det()\I—A):' 0 )\_2’:()(:»()\—1)()\—2):0 = M =1land g =2:

the system is unstable.

) o [b e mies o =
To= [kll ijJ”m”
y = [1 0]z

o0 = n o5t 3] [

= oresrmmow L ¢ [8_21_k2 SiJ m

1 0
— —2—ko 1
$2—5—2s+2—kos+ks— k1 [¢ 2 ][J
1
82—(1{72—1—3)8+2—|—]{}2—k1

3. We want the polynomials (s + 1)? = s + 25 + 1 and s — (kg + 3)s + 2 + ko — k3 to
be equal, i.e.

—(kp+3) = 2 = ky=-5
24k —k = 1 = ki =-4

4. One can build an observer (since the system is observable). Alternatively, we can
also differentiate y, since zo = &1 — 1 =y — y.
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1. We will use the voltages across the two capacitors of the circuit as our states, Vi,
and Vi,. Using Kirchhoff’s circuit laws, we have, for the currents:

L =1+ Ic, (Op-Amp ideal) (20)
Is=1c, (Op-Amp ideal) (21)
For the voltages:
Ve
Vo, —IxKRy=0= I}, = ! 22
o1 — g8 i TR Ro (22)
and
Vi— LRy — I3R3 =0 (Op-Amp ideal) (23)
Vo, + Ie,Ra + Ve, =0 (Op-Amp ideal) (24)
Furthermore, for the currents that pass through the two capacitors we have:
I, = 01V01 (25)
I, = CQVCQ (26)

Using the above equations we can derive the following:

Ry

(23),(25), (26), (21) = Vi — 7o

Vo, — C1R Ve, — CoR3Ve, =0 (27)

From the equations:

1 1

24), (26) = Vo, = — Vo, — Ve 28
( )’ ( ) = Vo, Cy Ry C1 Cy Ry Ca ( )
Substituting (28) to (27) we get:
. 1 R3 R3 1
Vo, = — Ve Ve Vi Vi 29
T TOER, T GiRgR, @ T GiRiRy T CiR (29)
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The output voltage Vj is:

Vo = ICQR2+VC2+13R3 (30)
= (R3+ Ro)CoVi, + Vo, (31)
1 1

= (R R))Co(——Vo, — —VC 1%, 32
(R3 + R2)Caof Gy T Gty 2) + Ve, (32)

R3 R3
= By oy, - By 33
7, 0~ Vo - g Ve (33)

Now we can derive the state space equations:

’ ___1 R3 R3 1
‘./Cl — CiKRo 41_ CiRi1R2 0131132 [ Ve, ] 4 [ C1R; } vV
VC2 - CoRo - CoRo VCQ 0
and
vi—[ _Bs_q _Bs ]| Vau
0 Ro Ro> VC2
So,

-1 -1
o=
C=[-2 -1]
D=

2. The transfer function of the system is computed by the formula:

G(s)=C(sI—A)'B+D

2Ks+ K
G=———""""— 34
(Ks?+s+1) (34)
3. The A matrix becomes: .
L1 1
_ K
a[ ] -

The poles of the transfer function are:

1
3= —(—1+V1—4K)
2K
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1

= g (-1 - VI—iEK)

82
The system is asymptotically stable for all K > 0. For K < (.25 the state decays to

0 exponentially. For K > 0.25 the state oscillates like a sine-wave with exponentially
decaying amplitude.

10



