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System Identification
Lecture 9: Prediction error methods & ARX models
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Identification framework

Measurement data

Define the measurement data set:

ZK “ tup0q, yp0q, . . . , upK ´ 1q, ypK ´ 1qu.

Objective

Define the cost function (includes the model structure)

Jpθ, ZKq

General optimisation formulation

minimise
θ

Jpθ, ZKq or θ̂ “ argmin Jpθ, ZKq.
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Optimisation objectives

Residual error objectives

error: epk, θq “ ypkq ´ Gpθqupkq.
Jpθq “ }epθq}22 or }epθq}8, or }epθq}1?

Parametric error objectives

Jpθq “ }θ ´ θ0}2 or Etθ ´ θ0u

Prediction error objective

Jpθq “ Etypk ` 1q ´ ŷpk ` 1, θ|kqu
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Prediction

Gpzq`

Hpzq
vpkq

ypkq upkq

epkq

Typical assumptions

Gpzq and Hpzq are stable,

Hpzq is stably invertible (no zeros outside the unit disk)

epkq has known statistics: known pdf or known moments.

One-step ahead prediction

Given ZK “ tup0q, yp0q, . . . , upK ´ 1q, ypK ´ 1qu,
what is the best estimate of ypKq?
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Prediction

Hpzq epkqvpkq

What is the next output, vpkq?

´10

´5

0

5

10

index: k
50

vpkq
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Prediction

Hpzq epkqvpkq

Noise model invertibility

Given, vpkq, k “ 0, . . . ,K ´ 1, can we determine epkq, k “ 0, . . . ,K ´ 1?

Inverse filter: Hinvpzq : epkq “
8ÿ

i“0

hinvpiqvpk ´ iq

We also want the inverse filter to be causal and stable:

hinvpkq “ 0, k ă 0, and
8ÿ

k“0

|hinvpkq| ă 8.

If Hpzq has no zeros for |z| ě 1, then,

Hinvpzq “ 1

Hpzq .
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Prediction

Hpzq epkqvpkq

One step ahead prediction

Given measurements of vpkq, k “ 0, . . . ,K ´ 1, can we predict vpKq?

Assume that we know Hpzq, how much can we say about vpKq?

Assume also that Hpzq is monic (hp0q “ 1).

vpkq “
8ÿ

i“0

hpiqepk ´ iq

“ epkq `
8ÿ

i“1

hpiqepk ´ iq
loooooooomoooooooon

“ mpk ´ 1q
“observed”
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Prediction

Hpzq epkqvpkq

One-step ahead prediction

The prediction of vpkq, based on measurements up to time k ´ 1 is,

v̂pk|k ´ 1q.
We will argue that a good choice in this case is,

v̂pk|k ´ 1q “ mpk ´ 1q “
8ÿ

i“1

hpiqepk ´ iq.

The error in our prediction is epkq — which we clearly can’t reduce.
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One-step ahead prediction statistics

General case

Say epkq is i.i.d. with probability density function: fepxq,

A posteriori distribution

What are the statistics of vpkq given vk´1
´8 “ tvp´8q, . . . , vpk ´ 1qu?

vpk|k ´ 1q “ epkq ` mpk ´ 1q,
so fvpk|k´1qpxq “ fepvpkq ´ mpk ´ 1qq. ÐÝ epkq density shifted by mpk ´ 1q.

Choosing an estimate: the expected value

v̂pk|k ´ 1q “ Etvpk|k ´ 1qu “ mpk ´ 1q ` Etepkqu “ mpk ´ 1q.
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One-step ahead prediction

Calculation

v̂pk|k ´ 1q “ mpk ´ 1q “
8ÿ

i“1

hpiqepk ´ iq

“ pHpzq ´ 1q epkq (assuming Hpzq is monic)

“ Hpzq ´ 1

Hpzq vpkq
“ p1 ´ Hinvpzqq vpkq

“ ´
8ÿ

i“1

hinvpiqvpk ´ iq

Note that v̂pk|k ´ 1q depends only on values up to time k ´ 1.

The best we can do is:

v̂pk|k ´ 1q “ ´
kÿ

i“1

hinvpiqvpk ´ iq « ´
8ÿ

i“1

hinvpiqvpk ´ iq.
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Example

Moving average model

vpkq “ epkq ` cepk ´ 1q, ùñ Hpzq “ 1 ` cz´1.

For Hpzq to be stably invertible we require |c| ă 1.

Hinvpzq “ 1

1 ` cz´1
“

8ÿ

i“0

p´cqiz´i.

One-step ahead predictor

v̂pk|k ´ 1q “ p1 ´ Hinvpzqqvpkq “ ´
8ÿ

i“1

p´cqivpk ´ iq « ´
kÿ

i“1

p´cqivpk ´ iq

“ cvpk ´ 1q ´ c2vpk ´ 2q ` c3vpk ´ 3q ` ¨ ¨ ¨ ´ p´cqkvp0q.

Exercise: show v̂pk|k ´ 1q “ c pvpk ´ 1q ´ v̂pk ´ 1|k ´ 2qqlooooooooooooooooomooooooooooooooooon
ϵpk ´ 1q (prediction error at k ´ 1)

“ cϵpk ´ 1q
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Another example

Autoregressive noise model

Our noise model is:

vpkq “
8ÿ

i“0

aiepk ´ iq |a| ă 1 for stability.

So, Hpzq “
8ÿ

i“0

aiz´i “ 1

1 ´ az´1
,

and Hinvpzq “ 1 ´ az´1 (a moving average process)

Our one-step ahead predictor is,

v̂pk|k ´ 1q “ p1 ´ Hinvpzqqvpkq “ avpk ´ 1q.
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A more complicated example

Noise model

Hpzq epkqvpkq
Hpzq “ z4 ` 0.5z3 ` 0.1z2 ` 0.1z ` 0.1

z4 ´ 1.4z3 ` 1.6z2 ´ 1.3z ` 0.8

Magnitude

Hpejωq

Hinvpejωq

1 ´ Hinvpejωq

0

5

10

Frequency, ω
(rad/sample)

0 π{2 π
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A more complicated example

Predictor

1 ´ Hinvpzq vpkqv̂pkq

Impulse responses: Hpzq and 1 ´ Hinvpzq

´3

´1.5

0

1.5

3

index: τ
50

hpτq
1 ´ hinvpτq
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A more complicated example

One-step ahead predictions
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0
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index: k
50

vpkq

v̂pkq
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A more complicated example

One-step ahead prediction errors

´10

´5

0

5

10

index: k
50

epkq

prediction error: vpkq ´ v̂pkq
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Output prediction

ypkq “ Gpzqupkq ` vpkq

Gpzq`

Hpzq
vpkq

ypkq upkq

epkq

One-step ahead prediction

Choose the expected value of the conditional distribution,

ŷpk|k ´ 1q “ Etypk|k ´ 1qu “ Gpzqupkq ` v̂pk|k ´ 1q
“ Gpzqupkq ` p1 ´ Hinvpzqqvpkq
“ HinvpzqGpzqupkq ` p1 ´ Hinvpzqqypkq
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Output prediction

ypkq “ Gpzqupkq ` vpkq

Gpzq`

Hpzq
vpkq

ypkq upkq

epkq

Prediction error

ypkq ´ ŷpk|k ´ 1q “ ´HinvpzqGpzqupkq ` Hinvpzqypkq
“ Hinvpzqpypkq ´ Gpzqupkqq “ Hinvpzqvpkq
“ epkq

The innovation is the part of the output prediction that cannot be estimated from past measurements.
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Prediction error based identification

Prediction error

The one-step ahead predictor is parametrised by θ,

ŷpk|θ, ZKq “ Hinvpθ, zqGpθ, zqupkq ` p1 ´ Hinvpθ, zqqypkq
Define a parametrised prediction error,

ϵpk, θq “ ypkq ´ ŷpk, θq “ ´Hinvpθ, zqGpθ, zqupkq ` Hinvpθ, zqypkq.

Prediction error-based identification

Typical cost function: Jpθ, ZKq “ }ϵpk, θq}2.

Pick θ to minimise the error.

Optimisation formulation: θ̂ “ argmin
θ

Jpθ, ZKq.
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ARX and ARMAX models

Autoregressive moving average models

Model form (without noise):

Gpzq “ b1z
´1 ` ¨ ¨ ¨ ` bmz´m

1 ` a1z´1 ` ¨ ¨ ¨ ` anz´n
.

Input output reationship:

ypkq “ Gpzqupkq
“ ´a1ypk ´ 1q ´ ¨ ¨ ¨ ´ anypk ´ nq ` b1upk ´ 1q ` ¨ ¨ ¨ ` bmupk ´ mq
“ φT pkqθ

where

φpkq “ “´ypk ´ 1q ¨ ¨ ¨ ´ypk ´ nq upk ´ 1q ¨ ¨ ¨ upk ´ mq‰T

θ “ “
a1 ¨ ¨ ¨ an b1 ¨ ¨ ¨ bm

‰T
.
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ARX and ARMAX models

Autoregressive moving average models

ypkq “ Gpθ, zqupkq “ φT pkqθ.
where φpkq is called the regressor vector

θ is the parameter vector.

Because we can calculate ypkq from the model, with knowledge of past ypkq, upkq and model
parameters, θ, the output ypkq is sometimes written as,

ypkq “ φT pkqθ “ ypk|θq,
to emphasize the parameter dependence.
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ARX and ARMAX models

Regressor formulation
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Least squares estimation

Model framework (ARX or ARMAX)

Consider ypkq “ φT pkqθ for k “ 0, . . . , N ´ 1.

»
—–

yp0q
...

ypN ´ 1q

fi
ffifl

looooooomooooooon
Y

“

»
—–

φT p0q
...

φT pN ´ 1q

fi
ffifl

loooooooomoooooooon
Φ

θ.

or, in matrix form, Y “ Φθ

If N ą pn ` mq this system is overdetermined.

Least squares solution

θ̂ “
´
ΦTΦ

¯´1

ΦTY (Matlab: Theta = Phi\Y;)
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Least squares estimation

Optimisation framework

The least squares solution, θ̂ “ `
ΦTΦ

˘´1
ΦTY, solves the problem,

minimise
θ

}ϵ}2
subject to Y “ Φθ ` ϵ

Define the cost function: Jpθ, ZN q “ }Y ´ Φθ}2 “ }ϵ}2

General formulation:

θ̂ “ argmin
θ

Jpθ, ZN q

“ argmin
θ

}ϵ}2
subject to : ϵ “ Y ´ Φθ.
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Example

Single state system: 2 parameters

System: Gpz, θq “ bz´1

p1 ` az´1q “ b

pz ` aq where θ “
„
a
b

ȷ
.

Difference equation: ypkq “ ´aypk ´ 1q ` bupk ´ 1q.

Least squares solution:

„
â

b̂

ȷ
“

´
ΦTΦ

¯´1

ΦTY
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Example

Output error experiment

varpepkqq “ 0.252upkq

´1.0

0

1.0

index: k
7 14 21 28 35 42 49

y0pkq (noise free)

´1.0

0

1.0

index: k
7 14 21 28 35 42 49

vpkq (output error noise: vpkq “ epkq)

´1.0

0

1.0

index: k
7 14 21 28 35 42 49
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Example

Least-squares estimates: output error structure

b “ 0.5

a “ ´0.7

âOE

b̂OE

´1.0

´0.5

0

0.5

1.0

index: k
10 20 30 40 50

True system

Gpzq “ bz´1

1 ` az´1
, Hpzq “ 1.

Estimation:

ypkq “ ´âOEypk ´ 1q ` b̂OEupk ´ 1q
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Error statistics and noise statistics

Experimental configuration: output noise

Gpθ, zq`ypkq upkq
vpkq

Estimation framework

»
—–

yp0q
...

ypN ´ 1q

fi
ffifl “

»
—–

φT p0q
...

φT pN ´ 1q

fi
ffifl θ `

»
—–

vp0q
...

vpN ´ 1q

fi
ffifl ,

But this was worked out for the noise-free case. So we really have,

φT
0 pkq “ “´y0pk ´ 1q ¨ ¨ ¨ ´y0pk ´ nq upk ´ 1q ¨ ¨ ¨ upk ´ mq‰

And by stacking,

Y “ Φ0 θ ` V. What happens if we use Y “ Φ θ ` V ?
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Equation error models

Model form

ypkq ` a1ypk ´ 1q ` ¨ ¨ ¨ ` anypk ´ nq “ b1upk ´ 1q ` ¨ ¨ ¨ ` bmupk ´ mq ` vpkq
ApzqY pzq “ BpzqUpzq ` V pzq

Now we have: Y “ Φθ ` V.

Bpθ, zq`1

Apθ, zq
ypkq upkq

vpkq

The noise also has the autoregressive dynamics (in Apzq).
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Example

Equation error experiment

varpepkqq “ 0.252upkq

´1.0

0

1.0

index: k
7 14 21 28 35 42 49

y0pkq (noise free)

´1.0

0

1.0

index: k
7 14 21 28 35 42 49

vpkq (equation error noise: vpkq “ p1{pz ` aqq epkq)
vOE

vEE´1.0

0

1.0

index: k
7 14 21 28 35 42 49
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Example

Least-squares estimates: equation error structure

b “ 0.5

a “ ´0.7

âOE

b̂OE

âEE

b̂EE

´1.0

´0.5

0

0.5

1.0

index: k
10 20 30 40 50

True system

Gpzq “ bz´1

1 ` az´1
, Hpzq “ 1

1 ` az´1
.

Estimation:

ypkq “ ´âEEypk ´ 1q ` b̂EEupk ´ 1q
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Output error and Equation error models

Output error framework Equation error framework
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