System lIdentification

Lecture 5: Frequency-domain identification

Roy Smith

2023-10-20 51

Frequency domain models

le(k:)

H(elv)

v(k)
y(k) ; u(k)
Go(e?¥) le——=

Model assumptions:

Linear, time-invariant system, go(l):
o0
y(k) = Y gou(k—1) + v(k), k=0,1,...
1=0

Assumptions: causal: <= go(l) =0, forall I <O0.

noise:  F{v(k)} = 0, (zero-mean)
stationary.
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Frequency domain estimation

Y () = Go(e')U () + V(e/¥)
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Swept-sine identification

le(kﬁ)

H(elw)

v(k)

k
y(k) Ga(e)

Fundamental property of linear systems

Y (&%) = Go(e™)U(€) + V()

Identification approach:

Apply a series of sinusoidal inputs (“swept-sine” input)

and for each find the gain and phase change of the output.
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Swept-sine identification

Method:
Select the input frequency, 0 < w, < 7 (rad./sample), and calculation length, N, such that,
Wy = 7"27T for some integer r

Input:
u(k) = acos(wyk), k=0,1,...,K—1 (with K > N),
Output:

y(k) = a|Go(e™")

cos(wyk + 0(wy)) + v(k) + transient

where  0(w,) = arg(Go(e’**))
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Swept-sine identification: correlation analysis

Correlation functions: (calculation length = N).

% Z_ (k) cos(wy k)

=0

H

% Z (k) sin(wy k

These can be calculated from the data.

Expanding:

| Nt | Nt
N 2 cos(2wuk+0(wy)) + N Z v(k) cos(wuk)
k=0

I.(N) = % )Go(em ) )

cos(O(wy)) + % ’Go(ejw“)
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Swept-sine identification: correlation analysis

If the noise, v(k), is sufficiently uncorrelated
(for example, is filtered gaussian noise),

then the variance satisfies,

. 1 N
Nllm Vm"(N Z v(k) Cos(wuk)> =0

—® k=0

with a convergence rate of 1/N.
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Swept-sine identification: correlation analysis

So, as in the limit as N — o0,

E{I.(N)} — % )Go(ejw“) cos(f(ww))

E{L(N)} — _7“ ]GO(eﬂ‘wu) sin(6(w.))

and lim var(l.(N)) =0, lim var(ls(N)) =0
N—0 N—0
Estimate the transfer function via:

éN(ejwu) _ Ic(N)a_/;Is(N) ,

or equivalently, the gain and phase:

_ VIe(N)? + L,(N)?

a Jwu
’GN(e ) a/2
. I(N)
Jwuy _
arg Gy (e’“*) = — arctan T.(N)
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Sweptsine ID methods

Advantages:

» Energy is concentrated at the frequencies of interest.

» Amplitude of u(k) can easily be tuned as a function of frequency.

> Easy to avoid saturation and tune signal/noise (S/N) ratio.

Disadvantages:

> A large amount of data is required.

» Significant amount of time required for experiments.

» Some processes won't allow sinusoidal inputs.
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Swept-sine example: flexible structure

Magnitude
100

10

Frequency, w

0.1

0.01

0.001

Experiments:
Anti-aliasing filters:
1600 sinusoids:

Analysis:
DFTs
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}0 8‘0"”’“‘3%*-— (rad/sec)

single pole, 1.0 kHz cutoff
32.20 rad/sec. to 95.01 rad/sec. =~ Aw = 0.0393 rad/sec.
63.81 rad/sec. to 692.13 rad/sec. ~Aw = 0.393 rad/sec.

4086 length records 25 averages per sinusoid
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Empirical transfer function estimation (ETFE)

Approximation:

N-—1 0
Yn(em) = Ylyke Tt o~ Y yk)e Tt = y(een)
— k=0 =—00
length-N DFT
Un(e“) = dlau(k)e* ~ Y wuk)e 7t = U(er)
_— k=0 k=—0o0
length-N DFT
~ . YN(ern)
JwWn —
Gr(e™) Un (7o)
ETFE

One choice for N is N = K (data length).
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ETFE example: “experimental”’ data

3.0 7 u(k)
2.0 1 ° o

1.0 P 00

o
—1.0 1 ° o ° [e) o & o
—2.0 1 °

—3.0 4 °

3.0 1 y(k)

2.0 o o

o
1.0{ o% gtboo 9 ° o8 5 8%0

—1.0 2 ©

&L
—2.0 1 &o
—3.0 - ?
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ETFE example: FFT calculation results (N = 128)

Magnitude
60
40 - Up (eF¥m)
o o
20 A o
00 o o%° ° o % ooo A
o o 00 o o
(o] o (] O o o,
0 o © © 0099 %00 °°' o o % ° ooo o °o°' Frequency, w
o /2 & (rad/sample)
Magnitude
60 -
o
o
40 - Y (e.'iwn, )
o
o
o
20 - o
°
(e)ge] o
o o o o o 00%, . o o,
0 0% 0 © o oooo.—loo;zn?ooo 00°00°° 0 %oq 06°000% OO' Frequency, w
0 /2 x  (rad/sample)
2023-10-20 513
ETFE example
A jw jw j w
GN(e77") = Y (") /Un (')
Magnitude
1
o4
%0
o < Frequency, w
00 A = !
1 ol O0oP -~ (rad/sample)
0.1
0.01
200
100
0 Frequency, w
o (rad/sample)
—100
—200

Phase (deg.)
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ETFE example

G (&™) = Yi (") /Un (")

Magnitude
10
Go(ejw) ‘9\8\8\&0(‘ ;N(ejb HP (bC
Frequency, w
oQ
1 1 7 — "57‘__> (rad/sample)
o ébgp%
o)
0.1
0.01
200
G}V (ejwn,) L
100 [9
Frequency, w
0 - 1 (rad/sample)
Go(e’?)
—100 ~
v\xsg%o i
—200
Phase (deg.)
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ETFE example: absolute error
En (ejwn) = Go(ejwn) — G’N(ejw")
Magnitude
10
Go(e?®) o
1 \ o9 _8_% Frequency, w
0.1 1 oépoﬂ. (rad/sample)
o ° Q
o \ B
o
(e
06° o
0.1 °°°Q3 To 1 o
’ oo o
Q o
o 04
EN (e]w'n, ) o
[e]
0.01
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ETFE example: MATLAB calculations

U = fft(u);

Y = ££t(y);

omega = (2*pi/N)*(0:N-1)’;

idx = find(omega > 0 & omega < pi);
loglog(omega(idx) ,abs(U(idx)))
loglog(omega(idx) ,abs(Y(idx)))

Gest = Y./U;

Gfresp = squeeze(freqresp(G,omega));
loglog(omega(idx) ,abs(Gest (idx)))
semilogx (omega(idx) ,angle(Gest (idx)))

Err = Gest - Gfresp;
loglog(omega(idx) ,abs (Err(idx)))
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calculate N point FFTs

frequency grid
positive frequencies

ETFE estimate
"true" system response

calculate error
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Empirical transfer function estimation

Periodic input case:
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Empirical transfer function estimation

Periodic input case:
Period M inputs: u(k) = u(k + M):

Then,

Yn (e7") = Go(e?“")Un (e7“™) 4 Vi (e7“™)

~ . . VN(e]"J”)
JwWn\ __ JWn
Gn (7)) = Go(e2"™) + U ()
2023-10-20 5.18
ETFE error properties:
Bias properties
~ i YN(ejw”) i VN(ejw")
JWny — JWn
Gn (%) Un (o) Go(e’“) + O (&)

And we find the bias by examining,

E{GN(“")} = Go(e™") + E {%}

— Go(e’*™) (assumes zero mean noise)

For periodic inputs (with N being an integer number of periods):
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— the ETFE is unbiased.
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ETFE error properties:

Variance properties

Variance (for unbiased case E{Gn(e’“")} = Go(e?*)):

2} _ gbv(ej“’”) + %c
~|Un (e79n )2’

E {)GN(efwﬂ) — Go(em)

o0
where |c| < Z TR, (7)] is assumed to be finite.

For estimates at different frequencies (w, # w;):

E{(Gu(e") = Go(e™)) (G (e ) = Go(e ™)) | = 0
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ETFE example: process control

Model: total flow to tank height.

10 7 Magnitude
. 0.001 0 bl 0.1 Frequency, w
(rad/sec)
0.1 .
0.01 W
0.001
0.0001 4 model: P
0.001 0.01 0.1 1

Frequency, w

0 T~ . (rad/sec)
—90 ,
—180
\
—270 M

—360

—450 ”‘ model: P
Phase (deg.)
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ETFE example — taking more data

En(e’") = Go(e’") — Gn (™)

10

Magnitude

Go(el®)

(bC
Frequency, w
. 0Q.
1 i ‘ o o_eoﬂ. (rad/sample)
Gy (e“n), N = 128 & ©
OOOOQ) 8
0.1
0.01
Magnitude
10
E]\V(G'jUJ’I')’N =128 Go(ej“’) ° Q)c
n . 00.% Frequency, w
1 T 0_90 (rad/sample)
0 dJ f‘bﬂ'
o \ &
P ® °o°° S
0.1 ° oo O 04&
o o #O
0.01
2023-10-20 5.22
ETFE example — taking more data
jw jw A jw
En(e’“™) = Go(e“™) — Gn(e79™)
Magnitude
P
- O
1 Frequency, w
- _ 0 (rad/sample)
Gy (e€“n), N = 128
In(e7¥n), N = 256
0] E
0.01
Magnitude
10
En(e7%n), N = 128
1 En(e?¥™), N = 256 Frequency, w
0 (rad/sample)
0.1
8
o o
0.01 ?
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ETFE example — taking more data

En(e’") = Go(e’") — Gn (™)

Magnitude
10
1 Frequency, w
A ; (rad/sample)
(;’N(e]“-’n)7 N
0.1 |GN (), N = 256
T Gn(efUn), N =512
0.01
Magnitude
10
E‘N(ejwn)7 N =12
1 E‘j\;(ejwn,)~ N = 256 Frequencyv w
En(e7“"),N =512 0 (rad/sample)
0.1 o
8o
o o © oo
0.01 i
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ETFE example — taking more data

En (ejwn) = Go(ejw") — Gy (ej“")

Magnitude
10
1 Frequency, w
- _ 0 (rad/sample)
Gy (e7“m), N =128
N (7)), N = 256
0.1 JenE™),
Gn(e7¥n), N = 512
Gy (7)), N = 1024
0.01
Magnitude
10
En(e?m), N = 1287
1 En(e?%m), 256 Frequency, w
En(e7%m) (rad/sample)
EA\, (e,/w'rl )‘
0.1
o ©
o
0.01
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ETFE example: mean-square error

Mean-square error: rerunning the experiments 10,000 times.

5 10,000 ' ) ' )
bt 2 [Gote™) = Gwen)

E {)EN(ejw")

10,000 &
Magpnitude
10 1~
o  Go(¢)
E{|Ex(e/“m)*}, N = 128 o
1 | A 0O Frequency, w
0.1 \ojl +  (rad/sample)
(%)
0%
0.1 1 o
o
o ©
o
le) o
0.01 A
0.001 -

2023-10-20

5.23

ETFE example: mean-square error

Mean-square error: rerunning the experiments 10,000 times.

10,000
E )E (7m) ’ = > ‘G (") — Gn (&) 2
N ~ 10000 0 e
10,000 &~
Magnitude
10 1
‘ ‘ Go(e?)
IJ{ lu‘A\v(e"””)‘z} N =128
1 I Frequency, w
0'1 (rad/sample)
; { ; \v(e/*ﬂ)\”{ N + 256
0.1 P
808
069
o0
0.01 - e 8
0.001 -
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ETFE example: mean-square error

Mean-square error: rerunning the experiments 10,000 times.

2 1 10,000 . 2
E ’EN e’“n N ——— ‘Go e?¥n) — Gy (em
{px@'} ~ 55 2 [Go@™) - Gue)
Magpnitude
10
_\ .
. Go(e’)
E{|Ex(e/“m)*}, N = 128
1 Frequency, w
0.1 (rad/sample)
E{|Ex (")}, N T 256
E{}EN(ejwn)\?} N = 512 ‘
0.1 ggy
os"ld
080':'O
0.01 1 ¢ -6 0 8o®
0.001
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ETFE example: mean-square error
Mean-square error: rerunning the experiments 10,000 times.
' ) | 10,000 ' ' 9
E ’EN e’ N ——— ‘Go e?n) — G (e“m
{rv@ '} ~ s 2 [Go@™) ~Gwe)
Magnitude
10
\ .
A . Go(e’7)
E{ En (e-“"”)\z} N = 128 9
1 n s Frequency, w
01 ; o+ (rad/sample)
F{ EA\v(ef’w'n)\‘Z} ,N + 256
E{\EN(ejWn)\Q} N = 512
0.1
ooeﬁ
5508
00115 o © —07—8 ov
0.001
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ETFE example: mean-square error

Mean-square error: rerunning the experiments 10,000 times.

‘ 9 ;10,000 ' R ' 9
E{)EN(eﬂwn) } ~ 3 ‘Go(e”’”) — Gy (&)

10,000 &
Magnitude
10
. 2 Go(ejW)
E {‘EN (e.JW‘:I,>‘~} N 4 128
| Frequency, w
1 _ 0j1 o (rad/sample)
E { En (ie'/“‘“'u ) -’} N L 956
E{|En(em)P}, N = 512
0.1 - '
1585
0.01 + o Qog R:5:6
|H (e7%))?
0.001 -
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Empirical transfer function estimation

Transient responses:

Initial transient corrupts the measurement:
y(k) = Go (uperiodgic (k) Wio,n—11 (k) + v(k),
with the “window"” function:

1 fO<k<N
Wio,.n-11(k) = { 0 otherwise

For all outputs up to time k = N — 1,

y(k) = Go U,periodic(k) — Go (uperiodicW(—oo,_l]) +’U(l€)
r(k)

Yn (e7") = Go(e?“")Un (e7“™) + Rn(e7“7) + Vv (e79™)

2023-10-20
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Transient responses
5 9 uperiodi(:(k)

%o o0 %0
o (o) (o] (o) o (o]
-%Bo—-%%-o-@é)-o-()--%ao—-% ‘%?_'%%%'Q_V‘) index: k
—33 6 o o °C°ooo o °%2000 o °%4mex
_5J
5
> index: k
—32 0 4
—5 4
5 -
< > index: k
—32 0 4
_5J
51y(k)
0000000000300000000000000000000 0000 > index: k
—32 64
_5J
5 -
> index: k
4
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Transient responses
Periodic signal with period M = 32.
r(k) fork=0,...,N — 1. (N =mM)
0.5 1 7(k)
0.25
O m=1
] m =4 m = 16
0 ? index: k
128 512

—0.25 A

—0.5 -
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Transient responses

Ry (e’“m) forn=0,...,N — 1.

(N =mM)

Magnitude
10 -
o]
1 | o | . . Frequency, w
011 ° g4 io o  (rad/sample)
Ry (e7%m), m =1 o
0.1-
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Transient responses
Ry(e’“m) forn=0,...,N — 1. (N = mM)
Magnitude
10 1
o
o
o
°g &
1 | °g,. 0 . . Frequency, w
011 w{‘é ~  (rad/sample)
Ry (e7“n), m = o
RN(ejw"),TfL: O%D
0.1-
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Transient responses

Frequency, w

Ry(&’“m) forn=0,...,N — 1. (N = mM)
Magnitude
10
? o oo © %00,
1
0.1
Ry (e?“n),m =1
RN(ejwn)vm =
Ry (e77), m = 16
0.1

- (rad/sample)
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Transient responses: input excitation
u(k) fork=0,...,N —1. where (N =mM, M =32andm =1,4,16).
4 7 u(k)
m = m =4 m = 16
(o] [o] [o] [0 (o] (o] o (o] (o] (o]
o o (o] o (] o] (o] (] (o] o] (o] o o o (o] (o]
2 [e] [o] (o] (o] o o (o] (o] (o] o o (o] (o] (o] (o] (o]
(o] (o] (o] o] (0] (] (] O (0] (0] (] (o] o o (o] (o]
r070el0°0°6°0°0° 00600 0606 0"
BB B D DD DB D DD D DB DD DB D
o} (o] o (o} (o] (o] (o] (o] (o] (o] (o] (o] (o] (o] (o] (o]
0| 50 [0 R ime o o B T B B B R v D ;s
Bo |Bo 8o Bo Bo Bo Bo Bo ©o Vo Bo ®o Lo Vo Vo Bo
9 109 [0% (69 |0° 09 09 062 02 0° 09 09 69 09 0° 0° o
00 oo OO OO OO OO oO oO oO OO OO oO oO OO OO oO
-2 4o (e o] [ee) @® (e o) © © e o) (e o) © © © e o) © ® (e o)
D (o] (o] (o] o o (o] (o] o o (o] (o] (o] (o] (o] (o]
—4
5.28
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Transient responses: input excitation
Un(e’*m) forn=0,...,N/2 where N=mM, M =32andm = 1,4,16.

4 Magnitude

m =1 o

m =4
200 1 m = 16

o
150 -~ o
o
(o]
o
o
100 -+ o o © o
o o
Frequency, w

(rad/sample)
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ETFE Transient error properties

ETFE transient bias error

NP YN(eJWn) o RN(eJWn) VN(eJWn)
G(e’“") = ———% = Go(e/*" . ,
(e’“m) O (670) o(e’“™) + U (@) + Un (@)
Periodic u(k) Random u(k)
As N = mM, m — o0, As N — o0,
Jwn 2 2 Jwn 2 . 2 .
)UN(E )| =m ‘UM(e ) E{’UN(eJ“") } —> N ¢ (/%)
Gwn \ |2 2 g . .
So ‘RN(e' ) 0 with rate 1/N= for perlodlc-mputs, or
Un (e79n) 1/N  for random inputs

2023-10-20
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Transient response example

Estimates: Gy (e7") = Yn(e7“) /Uy (e7*") for increasing m.

10

. Frequency, w

Magnitude
Go(el*)
1 \8\ 4 o |
8 S g/ 1\ T
\ 0

G (e

0.01

0.001 -
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JwWn J

Gn (&%), m

CA:N (ejwn)v m

,m =16

~ (rad/sample)
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Transient response example

Transient error decay: En(e/“") = Gn(e7“") — Go(e?¥n)

. Frequency, w

Magnitude
10 -
Go(e?*)
1
E,\'(e'j“’"’ ), m
o

0.1 1 En(el*n) m
o

0.01 -

0.001 -
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En(e74m),

m = 16

N w
o) 0
o o \
o o ° i
o o) o Po
o o)
o
o °, o o o
o] o~
o
o © o oo o
o o b
o o}
o

~ (rad/sample)
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ETFE example: average square error with noisy data

Previous example with noise (no transient): period M = N in each experiment.

‘ 5 ;10,000 A R ‘ 5
E{)EN(eﬂwn) } 3 ‘Go(eJ“”)—GN(eJ“’”)
=1

~ 10,000
Magpnitude
10
_\ .
Go(e?%)
1 B {‘b\ (e]w”)‘} IV =128 n > Frequency, w
01 > 7r_> (rad/sample)
E{|En(e’*™)|}, N =256
o1 E{|Enx(e7“™)|}, N = 512
080806"10 /
0.01 {4 o ©0g,89°
I |H (7))
0.001
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ETFE example: average square error with periodic signals
Noisy example (no transient): period M = 128. Larger N = more periods.
10,000
AINED ’ t O [Go(e ) — G(en) ’
N N 0 —GnN
10,000 4~
Magnitude
10
— .
Go(e?%)
O,
n Frequency, w
1 . o S PR
E {\EN (e-’“"”)‘z} N £ 128 306
oo
0.1 o°
(oRe}
o
(o)
o le
0.01 /
|H (7))
0.001
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ETFE example: average square error with periodic signals

Noisy example (no transient): period M = 128. Larger N == more periods.

10,000

E ’E R0 i - > ‘G (&) — G (&)
N T 10,000 &~ 177 N
Magpnitude
10

—

Frequency, w

1 0.1 (rad/sample)

) 2
E{|Ex(e/“m)*}, N T 128
E {\Ei\s(e"‘””)‘z} N =+ 256
0.1
(o]
lo) (o]
0.01 R j
|H (e7)|?
0.001
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ETFE example: average square error with periodic signals
Noisy example (no transient): period M = 128. Larger N = more periods.
) | 10,000 )

E ’E elen N ——— ‘G e?¥n) — Gy (em
{px@f'} ~ 50 2 [Gol@™) ~Gue)
Magnitude

10
— .

Go(e?%)
Frequency, w

1 01 (rad/sample)
E {\EN(e-Wn)\Q} N £ 128
E{|En(em)[?}, N + 256

0.1 —

E{|Ex(em)*} N = 512
(o)
lo) (o]
0.01 R i 5
|H (7))
0.001
5.34
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ETFE example: average square error with periodic signals

Noisy example (no transient): period M = 128. Larger N == more periods.

E {)EN(ejw”) ’

1 10,000 A R A )
~ G JwWn _G JwWn
} 10, 000 l; ‘ o(€”") — Gn (™)

Magpnitude
10 1
Go(e?*)
| Frequency, w
1 I (rad/sample)
B 0.1
E{|Ex(e/“m)*}, N T 128
E{|Ex ()}, N = 256
0.1 1 T
E{|En(em)P}, N =
o o
0.01 1
(o] o
o)
|H(e7)|?
0.001 -
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