
System Identification
Lecture 5: Frequency-domain identification

Roy Smith
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Frequency domain models

G0pejωq`

Hpejωq
vpkq

ypkq upkq

epkq

Model assumptions:

Linear, time-invariant system, g0plq:

ypkq “
8ÿ

l“0

g0plqupk ´ lq ` vpkq, k “ 0, 1, . . .

Assumptions: causal: ðñ g0plq “ 0, for all l ă 0.

noise: Etvpkqu “ 0, (zero-mean)
stationary.
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Frequency domain estimation

Y pejωq “ G0pejωqUpejωq ` V pejωq
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Swept-sine identification

G0pejωq`

Hpejωq
vpkq

ypkq upkq

epkq

Fundamental property of linear systems

Y pejωq “ G0pejωqUpejωq ` V pejωq

Identification approach:

Apply a series of sinusoidal inputs (“swept-sine” input)

and for each find the gain and phase change of the output.
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Swept-sine identification

Method:

Select the input frequency, 0 ă ωu ă π (rad./sample), and calculation length, N , such that,

ωu “ r
2π

N
for some integer r.

Input:

upkq “ α cospωukq, k “ 0, 1, . . . ,K ´ 1 (with K ě N),

Output:

ypkq “ α
ˇ̌
ˇG0pejωuq

ˇ̌
ˇ cospωuk ` θpωuqq ` vpkq ` transient

where θpωuq “ argpG0pejωuqq

2023-10-20 5.5

Swept-sine identification: correlation analysis

Correlation functions: (calculation length “ N).

IcpNq “ 1

N

N´1ÿ

k“0

ypkq cospωukq

IspNq “ 1

N

N´1ÿ

k“0

ypkq sinpωukq

These can be calculated from the data.

Expanding:

IcpNq “ α

2

ˇ̌
ˇG0pejωuq

ˇ̌
ˇ cospθpωuqq ` α

2

ˇ̌
ˇG0pejωuq

ˇ̌
ˇ 1

N

N´1ÿ

k“0

cosp2ωuk`θpωuqq ` 1

N

N´1ÿ

k“0

vpkq cospωukq
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Swept-sine identification: correlation analysis

If the noise, vpkq, is sufficiently uncorrelated

(for example, is filtered gaussian noise),

then the variance satisfies,

lim
NÝÑ8 var

˜
1

N

N´1ÿ

k“0

vpkq cospωukq
¸

“ 0

with a convergence rate of 1{N .
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Swept-sine identification: correlation analysis

So, as in the limit as N ÝÑ 8,

EtIcpNqu ÝÑ α

2

ˇ̌
ˇG0pejωuq

ˇ̌
ˇ cospθpωuqq

EtIspNqu ÝÑ ´α

2

ˇ̌
ˇG0pejωuq

ˇ̌
ˇ sinpθpωuqq

and lim
NÝÑ8 varpIcpNqq “ 0, lim

NÝÑ8 varpIspNqq “ 0

Estimate the transfer function via:

ĜN pejωuq “ IcpNq ´ jIspNq
α{2 ,

or equivalently, the gain and phase:

ˇ̌
ˇĜN pejωuq

ˇ̌
ˇ “

a
IcpNq2 ` IspNq2

α{2
arg ĜN pejωuq “ ´ arctan

IspNq
IcpNq
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Sweptsine ID methods

Advantages:

§ Energy is concentrated at the frequencies of interest.

§ Amplitude of upkq can easily be tuned as a function of frequency.

§ Easy to avoid saturation and tune signal/noise (S/N) ratio.

Disadvantages:

§ A large amount of data is required.

§ Significant amount of time required for experiments.

§ Some processes won’t allow sinusoidal inputs.
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Swept-sine example: flexible structure
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Experiments:
Anti-aliasing filters: single pole, 1.0 kHz cutoff
1600 sinusoids: 32.20 rad/sec. to 95.01 rad/sec. ∆ω “ 0.0393 rad/sec.

63.81 rad/sec. to 692.13 rad/sec. ∆ω “ 0.393 rad/sec.

Analysis:
DFTs 4086 length records 25 averages per sinusoid
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Empirical transfer function estimation (ETFE)

Approximation:

YN pejωnqloooomoooon “
N´1ÿ

k“0

ypkqe´jωnk «
8ÿ

k“´8
ypkqe´jωnk “ Y pejωnq

length-N DFT

UN pejωnqloooomoooon “
N´1ÿ

k“0

upkqe´jωnk «
8ÿ

k“´8
upkqe´jωnk “ Upejωnq

length-N DFT

ĜN pejωnqloooomoooon :“ YN pejωnq
UN pejωnq

ETFE

One choice for N is N “ K (data length).
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ETFE example: “experimental” data

upkq
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index: k
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ETFE example: FFT calculation results (N “ 128)

Magnitude
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ETFE example

ĜN pejωnq “ YN pejωnq{UN pejωnq
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ETFE example

ĜN pejωnq “ YN pejωnq{UN pejωnq
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ETFE example: absolute error

EN pejωnq “ G0pejωnq ´ ĜN pejωnq
Magnitude
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ETFE example: Matlab calculations

U = fft(u); % calculate N point FFTs

Y = fft(y);

omega = (2*pi/N)*(0:N-1)’; % frequency grid

idx = find(omega > 0 & omega < pi); % positive frequencies

loglog(omega(idx),abs(U(idx)))

loglog(omega(idx),abs(Y(idx)))

Gest = Y./U; % ETFE estimate

Gfresp = squeeze(freqresp(G,omega)); % "true" system response

loglog(omega(idx),abs(Gest(idx)))

semilogx(omega(idx),angle(Gest(idx)))

Err = Gest - Gfresp; % calculate error

loglog(omega(idx),abs(Err(idx)))
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Empirical transfer function estimation

Periodic input case:
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Empirical transfer function estimation

Periodic input case:

Period M inputs: upkq “ upk ` Mq:

Then,

YN pejωnq “ G0pejωnqUN pejωnq ` VN pejωnq

ĜN pejωnq “ G0pejωnq ` VN pejωnq
UN pejωnq
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ETFE error properties:

Bias properties

ĜN pejωnq “ YN pejωnq
UN pejωnq “ G0pejωnq ` VN pejωnq

UN pejωnq
And we find the bias by examining,

EtĜN pejωnqu “ G0pejωnq ` E

"
VN pejωnq
UN pejωnq

*

“ G0pejωnq (assumes zero mean noise)

For periodic inputs (with N being an integer number of periods):

— the ETFE is unbiased.
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ETFE error properties:

Variance properties

Variance (for unbiased case EtĜN pejωnqu “ G0pejωnq):

E

"ˇ̌
ˇĜN pejωnq ´ G0pejωnq

ˇ̌
ˇ
2
*

“ ϕvpejωnq ` 2
N
c

1
N

|UN pejωnq|2 ,

where |c| ď C “
8ÿ

τ“1

|τRvpτq| is assumed to be finite.

For estimates at different frequencies (ωn ‰ ωi):

E
!´

ĜN pejωnq ´ G0pejωnq
¯´

ĜN pe´jωiq ´ G0pe´jωiq
¯)

“ 0
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ETFE example: process control

Model: total flow to tank height.
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ETFE example — taking more data

EN pejωnq “ G0pejωnq ´ ĜN pejωnq
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ĜN pejωn q, N “ 512
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ETFE example — taking more data

EN pejωnq “ G0pejωnq ´ ĜN pejωnq
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ĜN pejωn q, N “ 1024
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ĜN pejωn q, N “ 256
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ETFE example — taking more data

EN pejωnq “ G0pejωnq ´ ĜN pejωnq
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ETFE example — taking more data

EN pejωnq “ G0pejωnq ´ ĜN pejωnq
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ETFE example: mean-square error

Mean-square error: rerunning the experiments 10,000 times.
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ETFE example: mean-square error
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ETFE example: mean-square error
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ETFE example: mean-square error
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ETFE example: mean-square error

Mean-square error: rerunning the experiments 10,000 times.
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Empirical transfer function estimation

Transient responses:

Initial transient corrupts the measurement:

ypkq “ G0

`
uperiodicpkqWr0,N´1spkq˘ ` vpkq,

with the “window” function:

Wr0,N´1spkq “
"

1 if 0 ď k ă N
0 otherwise

For all outputs up to time k “ N ´ 1,

ypkq “ G0 uperiodicpkq ´ G0

`
uperiodicWp´8,´1s

˘
looooooooooooomooooooooooooon

rpkq
` vpkq

YN pejωnq “ G0pejωnqUN pejωnq ` RN pejωnq ` VN pejωnq
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Transient responses
uperiodicpkq

´5

5

index: k
´32 32 640

yperiodicpkq

´5

5
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´32 32 640

upkq

´5

5

index: k
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ypkq
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rpkq “ yperiodicpkq ´ ypkq

´5

5
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´32 32 640
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Transient responses

Periodic signal with period M “ 32.

rpkq for k “ 0, . . . , N ´ 1. (N “ mM)

rpkq

m “ 1

m “ 4 m “ 16

´0.5

´0.25

0

0.25

0.5

index: k
32 128 512
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Transient responses

RN pejωnq for n “ 0, . . . , N ´ 1. (N “ mM)
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Transient responses
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Transient responses

RN pejωnq for n “ 0, . . . , N ´ 1. (N “ mM)
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Transient responses: input excitation

upkq for k “ 0, . . . , N ´ 1. where (N “ mM, M “ 32 and m “ 1, 4, 16q.

upkq
m “ 1 m “ 4 m “ 16
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Transient responses: input excitation

UN pejωnq for n “ 0, . . . , N{2 where N “ mM, M “ 32 and m “ 1, 4, 16.

Magnitude

m “ 1

m “ 4

m “ 16

0

50

100

150

200

Frequency, ω
(rad/sample)

0 π{2 π

2023-10-20 5.29

ETFE Transient error properties

ETFE transient bias error

Ĝpejωnq “ YN pejωnq
UN pejωnq “ G0pejωnq ` RN pejωnq

UN pejωnq ` VN pejωnq
UN pejωnq

Periodic upkq

As N “ mM , m ÝÑ 8,

ˇ̌
ˇUN pejωnq

ˇ̌
ˇ
2 “ m2

ˇ̌
ˇUM pejωnq

ˇ̌
ˇ
2

Random upkq

As N ÝÑ 8,

E

"ˇ̌
ˇUN pejωnq

ˇ̌
ˇ
2
*

ÝÑ N ϕupejωnq

So

ˇ̌
ˇ̌RN pejωnq
UN pejωnq

ˇ̌
ˇ̌
2

ÝÑ 0 with rate

#
1{N2 for periodic inputs; or

1{N for random inputs
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Transient response example

Estimates: ĜN pejωnq “ YN pejωnq{UN pejωnq for increasing m.
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ĜN pejωn q, m “ 1

0.001

0.01

0.1

1

10

Frequency, ω
(rad/sample)

1 π

2023-10-20 5.31

Transient response example

Transient error decay: EN pejωnq “ ĜN pejωnq ´ G0pejωnq
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ETFE example: average square error with noisy data

Previous example with noise (no transient): period M “ N in each experiment.
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ETFE example: average square error with periodic signals

Noisy example (no transient): period M “ 128. Larger N ùñ more periods.
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ETFE example: average square error with periodic signals

Noisy example (no transient): period M “ 128. Larger N ùñ more periods.
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ˇ̌
ˇ
2

Magnitude

G0pejωq

E
!ˇ̌
EN pejωn qˇ̌2

)
, N “ 1024

E
!ˇ̌
EN pejωn qˇ̌2

)
, N “ 512

E
!ˇ̌
EN pejωn qˇ̌2

)
, N “ 256

E
!ˇ̌
EN pejωn qˇ̌2

)
, N “ 128

|Hpejωq|2
0.001

0.01

0.1

1

10

Frequency, ω
(rad/sample)

0.1 1 π

2023-10-20 5.34

ETFE example: average square error with periodic signals

Noisy example (no transient): period M “ 128. Larger N ùñ more periods.
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