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Abstract—Ultrasound (US) beamforming is the process of
reconstructing an image from acquired echo traces on several
transducer elements. Typical beamforming approaches, such as
Delay-And-Sum, perform simple projection operations, while
techniques using statistical information also exist, e.g. adaptive,
phase-coherence, Delay-Multiply-And-Sum, and sparse coding
approaches. Inspired by the feasibility and success of inverse
problem formulations in several image reconstruction problems,
such as computed tomography, we herein devise an inverse
problem approach for US beamforming. We define a linear
forward model for the synthesis of the beamformed image, and
solve its inverse problem thanks to several intuitive and physics-
based constraints and regularization terms proposed. These
reflect the prior knowledge about the spectra of carrier signal
and spatial coherence of modulated signal. These constraints
admit effective formulation through sparse representations. Our
proposed method was evaluated for plane-wave imaging (PWI)
that transmits unfocused waves, enabling high frame-rates with
large field of view at the expense of much lower image quality
with conventional beamforming techniques. Results are evaluated
in numerical simulations, as well as tissue-mimicking phantoms
and in-vivo data provided by Plane-wave Imaging Challenge in
Medical UltraSound (PICMUS). The best results achieved by our
proposed techniques are 0.39 mm full-width at half-maximum
for spatial resolution and 16.3 dB contrast-to-noise ratio, using a
single plane-wave transmit.

Index Terms—Ultrasound beamforming, physical constraints,
spatial and frequency domain.

I. INTRODUCTION

Ultrasound (US) imaging is one of the growing diagnostic
tools due to its low-cost, portable, simple, and non-invasive
technology. Conventional focused US images can be used for
various applications, e.g. segmentation [1] and strain imag-
ing [2]. In the last decade, there has been a great interest in
increasing the frame-rate of US imaging for new applications
such as individual blood cells tracking or harmonic elastog-
raphy [3]. Plane-wave imaging (PWI) is a non-focused US
imaging technique that captures entire medium in a single shot,
therefore enabling very high frame rates. PWI transmits signals
simultaneously from all transducer elements and subsequently
records the reflected ultrasound echo traces from all elements
concurrently. However, due to the unfocused nature of the
transmitted signal, the spatial resolution, contrast, signal-to-
noise ratio (SNR), and hence the image quality is often
sacrificed, in return for the high frame-rates. Coherent plane-
wave compounding is one approach to improve the image
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quality by averaging images from several tilted plane-waves
acquisitions [4], [5]. The quality of the final image tends to
increase with the number of steering angles. However, as the
number of wave directions increases, the effective frame rate
naturally decreases. Thus, there is often a trade-off between
the frame-rate and image quality. Accordingly, there is strong
interest in advanced beamforming techniques, in particular, for
PWI, in order to achieve high image quality, without a trade-
off for frame-rate.

Beamforming is a common signal-processing technique to
reconstruct a spatial image representation from reflected US
echo traces, by isolating and localizing information at each
image point while increasing the signal-to-noise ratio from that
particular location. Delay-And-Sum (DAS) beamforming is a
most common beamforming technique, as it can be computed
in real-time. This conventional DAS method approximates a
beamformed image by averaging time-delayed radio-frequency
(RF) signals to combine the reflected echoes based only on
the information about the location of the transducer elements
and the steering angles. However, this results in beamformed
signals with a wide main-lobe and large side-lobes, which
leads to a relatively low lateral resolution and contrast qual-
ity [6]. Intuitively, DAS is similar to tomosynthesis (filtered
backprojection) in computed tomography (CT) reconstruction,
where the received echo values are “smeared” along an arc at
certain distance from each transducer, and although the modu-
lated nature of the echo cancels out out-of-phase information,
it is still not possible to easily isolate reflections from each
position. Alternatively, adaptive beamforming techniques use
a data-dependent set of weights, where the received signal
properties are also introduced in the image reconstruction. To
eliminate unwanted signal contributions from other directions,
commonly the second order statistics of the data are exploited.
A popular adaptive beamforming method is the Capon or min-
imum variance beamforming [7]–[9], which may yield better
image quality than DAS. Most approaches use the covariance
matrix of the data, where the inverse covariance matrix calcu-
lation becomes the computational bottleneck. There are several
works that aim to address the high computational complexity
of adaptive beamforming, e.g. [10]–[12].

Among more recent approaches is the family of phase
coherence based methods [13]–[15], where the ratio between
the energy of coherent sum and the total energy of received
signals is used for side-lobe suppression via a post-processing
filter following the DAS beamformer. However, coherence
factor weights are easily affected by speckle noise. To improve
the lateral resolution and image contrast without increasing
the computational time, non-linear Delay-Multiply-And-Sum
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(DMAS) beamforming [16]–[18] was proposed, in particular
for breast cancer imaging. In DMAS, the received signals are
combinatorially combined and multiplied, before summation
as in DAS. Recently, sparse coding based methods have been
introduced [19], [20], where the resulting image is obtained
by solving a convex problem using a regularization prior.

In [20], [21], the DAS outputs from different steering
angles were exploited in an algebraic (Basis-Pursuit and Least
Squares) algorithm. Such row-based beamforming methods
tackle each lateral profile of the RF image separately and
independently, by defining the forward problem for each image
row using a set of standard steering vectors, in order to solve
the inverse problem (IP) at each depth separately. In [22],
the authors proposed a time-domain beamforming method for
PWI based on compressive sensing [23] from single plane-
wave acquisition. This was further developed to use multiple
plane-waves with different steering angles in [24], where it
was shown to achieve similar US image quality as DAS, but
requiring less plane-wave acquisitions.

Beamforming in our context is used to reconstruct the
representation of a continuum, whereas in other fields, it is
also referred for the techniques, e.g. to isolate and localize
individual sources [25]–[27]. For instance, adaptive methods
were proposed for wideband antenna applications in [28] and
using a projection-based learning algorithm in [29].

In this work, we define US beamforming as a sparse forward
problem in the entire image domain and solve the inverse
problem for all image depths jointly. To regularize this ill-
posed problem of US beamforming, we introduce several in-
tuitive and physics-based regularization terms in Section II-B.
Namely, we enforce the reconstructed signal spectra to be
smooth and similar to received signal, while imposing gradient
sparsity of the amplitude modulated signal. Preliminary results
of this work were presented in [30], however the definition of
the forward problem and regularizers were suboptimal therein,
which are reformulated and studied in depth in this paper.
Our proposed algorithm is evaluated on a set of simulation,
phantom, and in-vivo data provided by Plane-wave Imaging
Challenge in Medical UltraSound (PICMUS) 2016 [31].

II. METHODS

Assume that a series of K non-focused beams (Tx) is
transmitted with different plane-wave acquisition angles θk for
k={1, ..,K}; and that the returning (non-beamformed) echoes
(Rx) are recorded at all N linear transducer elements, for all
M time samples, and for K steering angles as B∈RM×N×K .
Without loss of generality, our goal is to compute the beam-
formed data (image) on an M×N grid within a region-of-
interest (ROI) for desired beamforming locations (x, z) i.e.

x = n · p and z = m · c

2fs
, (1)

with n={1, .., N} and m={1, ..,M}, where c is the speed of
sound in the medium, fs the acquisition sampling frequency,
and p the transducer pitch. Typically, the pitch is designed to
be half of the wavelength for the targeted center-frequency f0,
i.e. p=λ/2=c/(2f0).

Fig. 1. Elliptical pattern of weighting values forming each row of matrix Ak

in the forward problem of beamforming as proposed in our method.

A. Modeling the Forward Problem of Beamforming

Assuming homogeneous speed-of-sound, total Tx/Rx time-
of-flight τ∈RM×N from each spatial beamforming location
(x, z) to each transducer element n can be calculated as

τ = τ0 + τt + τr, (2)

where τ0 is the Rx offset following a transmit event. The Tx
and Rx time delays are computed, respectively, as

τt = (x sin θk + z cos θk)/c , (3a)

τr = (
√
(np− x)2 + z2)/c , (3b)

where θk is the plane-wave angle. Note that the transmission
delay, τt, is the same for different receive elements and it
differs for different ROI grid locations (x, z) and steering
angles θk, whereas the reception delay, τr, differs for elements
n and locations (x, z), but is the same across angles θk.
For a transducer element, the m-th received signal sample
corresponds to the echo arriving at the time instance of

τm = τ0 + (m− 1)/fs. (4)

Using this time delay information, we then formulate the
forward problem (FP) of beamforming for each plane-wave
angle θk as

Akx+ n = bk , (5)

where x∈RMN is the desired beamformed data, n∈RMN is
additive noise, and bk∈RMN is the received signal. Sparse
matrix Ak∈RMN×MN is a weighting matrix, each row of
which corresponds a pre-beamformed Rx sample and encodes
the effect/weights of each beamformed data pixel onto that
sample in its elements determined based on Tx/Rx time-delays.

For each time sample m of each transducer element n, we
aim to formulate the FP of beamforming for the i-th element
of vector bk, where i = (n − 1)M + m, and accordingly
encode this on the i-th row of Ak. For the forward problem
formulation, it is considered that the elements of τ satisfying
the following condition

|τ − τm| ≤
1

fs
(6)

contribute to the m-th sampling data. The elements of τ
having a time delay less than τm are then linearly interpolated
between 0 and 1 ; with values not satisfying (6) being zero,
assuming no impact on the pre-beamformed data. For each
receive element, this results in an elliptical region with varying
weights as illustrated in Fig. 1.
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The above interpolation-weighted time-of-flights are then
augmented (weighted) with a reception apodization to take into
account the directionality of the transducer elements. We use
a Hanning window with an f-number of f . Resulting values
are then vectorized row-wise across the image, leading to the
forward model, i.e. transpose of row i of Ak. Note that since
many elements in Fig. 1 are zeros, these rows and thus the
entire system are highly sparse.

Note that the matrix Ak does not depend on data, and
is a constant, non-symmetric, sparse matrix, which depends
only on the predefined beamforming grid locations, transducer
geometry, sampling rate, and assumed speed-of-sound. Ac-
cordingly, it can be pre-computed once and used for generating
all different frames. Indeed, the FP of beamforming can be
formulated on any grid resolution, not necessarily on the same
grid as the pre-beamformed data, as consequence, Ak does
not need to be a square matrix. Building on the analogy of
DAS for US and backprojection for CT, one can relate this
beamforming inverse problem formulation above in Eq.(5)
with the algebraic reconstruction techniques (ART) for CT.

B. Beamforming using Regularized Inverse Problem

Consider the objective of beamforming (reconstructing) the
signal using the FP model in (5), from pre-beamformed data
bk for a single steering angle θk. Such reconstruction can be
done by solving Eq. (5) in the least squares sense:

x∗
k = argmin

x

1

2
‖Akx− bk‖22 , (7)

assuming additive Gaussian noise. However, the quality of the
solution and the inversion stability can be greatly improved
by introducing regularization to this formulation. Herein, we
introduce physical and practical US information to enhance
such beamforming process with suitable regularization terms
for accurate image reconstruction.

1) Regularization Terms:
Spectral Distribution: First, we introduce our prior

knowledge on the modulated nature of the echo signal and
the expected spectrum of the corresponding carrier wave. The
received signal (Rx) as well as the target beamformed signal
are superpositions of many reflections/scattering of transmitted
(Tx) wave-form. Since superpositions are linear operations, we
hypothesize them to follow an approximately similar spectral
distribution pattern. Accordingly, we set a target spectral
distribution c, and encourage the similarity of the frequency
spectrum of x∗

k to c as follows:

Rc(x) = ‖Wg(Fx− c)‖1 . (8)

Here we use the Discrete Cosine Transform (DCT) represented
by matrix F [32]. Although the pattern of the target c can be
deduced from the Tx waveform, this would neglect several
effects caused by tissue interactions; hence, we instead use
a scaled version of pre-beamformed data bk to estimate c
and to constrain the results. We scaled the magnitude of fitted
Gaussian c with respect to the magnitude of DCT of DAS.
Specifically, a Gaussian approximation of power spectra of
both the received signal (cin ≈ abs(Fbk)) and DAS solution
(cDAS) are computed (see Fig. 2(a) for PICMUS simulated

(a) (b)

Fig. 2. (a) Gaussian fit to the average DCT of a given RF signal, and
(b) visualization of some surrounding margin as encouraged by Wg .

RF data). The magnitude of the fitted Gaussian of received
signal is scaled to be equal to the magnitude of the fitted
Gaussian of DAS solution, and accordingly we define the
target c=cin

max(cin)
max(cDAS)

. A diagonal weighting matrix Wg =

diag(c⊗1N ), where c⊗1N denotes N times repeating vector
c, employing Kronecker product formalism. The values shown
in Fig. 2(b) encourages the DCT of the beamformed signal
to stay in a given band. Note that this implicitly discourages
signal components outside the expected frequency band. We
impose `1-norm regularization in (8) to allow large amplitude
deviation at a small subset of frequencies due to complex
interference patterns.

Smoothness in Frequency Domain: We impose fur-
ther regularization in the frequency domain by encouraging
smoothness of the beamformed signal spectrum via regulariz-
ing the squared `2-norm of the first order derivatives of the
spectrum, as follows:

RF (x) =
1

2
‖WfD1abs (Fx)‖22 +

1

2
‖WfD2abs (Fx)‖22 ,

(9)
where D1 and D2 represent the finite difference matrix in each
axis direction, while Wf=diag([. . . , i/(M − 1), . . . ]⊗ 1N ),
i=0, . . . ,M -1 is a diagonal matrix, which weights the fre-
quencies linearly ([0, 1]), imposing higher coherence in lower
frequencies.

Sparsity of Signal Envelope: Next, we introduce regu-
larization in the spatial domain in order to encode priors on
expected tissue compositions and the underlying amplitude
modulated signal. We use the estimate of the beamformed
signal envelope, i.e. E(x) =

√
x2 + (Hx)2, where expo-

nentiations are carried out element-wise and H is a matrix
that implements the discrete Hilbert transform of a signal
x. To address the susceptibility of Hilbert transform to high
frequency noise, we penalize the `1-norm of signal envelope
as follows:

RH(x) = ‖Wd E(x)‖1 , (10)

where Wd=diag([. . . , i/(M − 1), . . . ]⊗ 1N ), i=0, . . . ,M -1
is a diagonal matrix, which weights the influence of regular-
ization linearly ([0, 1]) due to signal attenuation in depth.

Smoothness in Spatial Domain: Finally, we promote
spatial coherence in our estimate by penalizing weighted total-
variation (TV) [33] of the envelope approximation:

RD(x) = ‖WdD1 abs(x)‖1 + ‖WdD2 abs(x)‖1 , (11)

where abs(x) is the element-wise modulus operator as an
approximation of E(x).
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2) Optimization Problem: As a result, to solve the inverse
problem of beamforming for a single plane-wave angle, we
formulate the following unconstrained optimization problem:

min
x
F(x) = min

x

1

2
‖Akx− bk‖22 + λFRF (x)+

λcRc(x) + λHRH(x) + λDRD(x), (12)

where coefficients λF , λc, λH , λD weight the influence of
corresponding regularization terms. Due to spatial regulariza-
tion of the signal envelope, the optimization problem in (12)
is nonlinear and non-convex with a non-differentiable cost
function and therefore cannot be solved exactly and efficiently.
Nevertheless, in practice, gradient based optimization meth-
ods may be used. We use the limited-memory BFGS solver
(Matlab implementation provided by the minFunc package1),
which is a highly efficient quasi-Newton optimization method
that achieves quadratic convergence for many applied prob-
lems [34].

At every solver iteration we approximate the gradient of the
cost function (12) as follows:

G(x) = AT
k(Ak − b) + λF

∑
i=1,2

FTDT
iW

T
fWfDiFx+

λcF
TWT

gsgn(Wg(Fx− c))+

λHWd

(
x/E(x) +HT [Hx/E(x)]

)
+

λD
∑
i=1,2

sgn(x)�
[
DT

iWd sgn(WdDi abs(x))
]
, (13)

where sgn(x), �, and / are element-wise sign, multiplication,
and division operations, respectively.

If multiple plane-wave acquisitions are available, first the
beamforming is performed on a predefined common grid
as above for all the desired plane-wave angles. Then, the
envelopes of each beamformed image are computed using the
Hilbert transform H and a coherent compounding is conducted
by taking the median value at each sample location among all
given angles.

III. EVALUATION DATASET AND METRICS

Publicly available PICMUS challenge [31] provides four
evaluation datasets, where two of them are synthetic data
obtained from well-defined noise-free simulations and the
other two are acquired physically from tissue-mimicking
phantoms. For each phantom, a set of pre-beamformed Rx
data in response to plane-waves steered with 75 different
angles, from −16◦ to 16◦ with a step size of 0.43◦, are
given. Simulations were done using the ultrasound simulation
package Field II [35], [36]. Data was provided in RF or in IQ
(phase-quadrature) formats, where the RF format was used for
our experiments.

Both for the simulations and experiments in the challenge,
a 128-element L11-4v linear-array transducer was used with
a pitch of 0.30 mm, element width of 0.27 mm, and element
height of 5 mm. A transmit pulse with a central frequency of
5.2 MHz was used, where the sampling rate was 20.8 MHz.

1http://www.di.ens.fr/∼mschmidt/Software/minFunc.html

(a) (b)

Fig. 3. Predefined regions, inside (red) and outside (blue), for CNR calcula-
tions are shown for SC (a) and EC (b) datasets.

On the one hand, with increased number of plane-waves,
it may be possible to obtain higher-quality images, but this
would come at a cost of lower overall acquisition rates. On the
other hand, some methods applicable with the availability of
many plane-waves acquisitions may not be ideal for a single
acquisition, or vice versa. Therefore, comparisons assuming
the availability of different number of plane-waves need to be
conducted. PICMUS challenge defines three categories where
1, 11, and 75 steered plane-waves are assumed to be available;
out of the 75 original angles acquired. In that challenge,
the choice of which steering angles to use are left to the
participants, in order to emulate a practical implementation
where the ideal angles can be chosen freely.

For evaluation, the envelope of the beamformed image is
computed using the Hilbert transform and is evaluated with
the metrics as in [31], [37] based on the target criteria below:

a) high axial and lateral resolution, evaluated using Full-
Width-at-Half-Maximum (FWHM) of the Point Spread
Function (PSF) in axial and lateral directions;

b) low geometric distortion, measured via Euclidean dis-
tance between a known scatterer position and its obser-
vation (peak) in a beamformed image;

c) high contrast, evaluated using Contrast-to-Noise-Ratio as

CNR = 20 log10

(
|µin − µout|√
(σ2

in + σ2
out)/2

)
, (14)

and using Contrast Ratio as

CR =
|µin − µout|

(µin + µout)/2
, (15)

where µin and σin are the mean and standard deviation of
signal intensities inside a predefined region, and similarly
·out for those outside this region. These regions are shown
in Fig. 3.

Targeting the assessment of these aspects, two types of images
were provided: those with point targets to test resolution
and distortion; and those with homogeneous image patches
to test contrast. There were both simulated and experimental
images, provided with ground-truth and evaluation functions.
Accordingly, the 4 datasets are herein referred as:

• SR for simulated resolution-distortion data,
• SC for simulated contrast data,
• ER for experimental resolution-distortion data, and
• EC for experimental contrast data.
Two additional in-vivo datasets of the carotid artery were

http://www.di.ens.fr/~mschmidt/Software/minFunc.html
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also provided by PICMUS, showing the cross-sectional and
longitudinal views. For visualization purposes for the figures
in this paper, we log-compressed the envelope images to a
constant 60 dB dynamic-range.

IV. RESULTS

A. Simulated and Experimental Data

We use Hanning window for apodization and empirically
set the reception aperture f-number f to 0.25 for SR and ER,
and to 1.5 for SC and EC data. To facilitate the optimization,
we initialized x0 using the DAS result. The optimal set of
regularization weights λ={λF , λc, λH , λD} was obtained
separately for SR and SC by maximizing evaluation metrics
for the simulated data from a grid search. All combinations of
the following sets of parameter values were tested: smoothness
in frequency domain λF=[0, 0.05, 0.1, 0.2, 0.5, 1, 2, 5, 10],
similarity to expected spectral distribution
λc=[0, 0.05, 0.1, 0.2, 0.5, 1, 2], sparsity of signal envelope
λH=[0, 0.05, 0.1, 0.2, 0.5, 1, 2, 5, 10], and smoothness in
spatial domain λD=[0, 0.05, 0.1, 0.2, 0.5, 1, 2, 5]. Optimal
parameter set for SR was found to be λR={0.5, 0, 5, 0.1},
which was also applied for beamforming ER data. Optimal
parameter set for SC was λC={0.1, 0.05, 0.05, 0.1}, which
similarly was also applied for EC.

In Table I, we show the list of optimal values for adding
different regularization terms one after the other to the opti-
mization problem. The optimal parameter set was optimized
separately for each regularization term addition, to show any
changes in their effective values from their combination. For
instance, λc does not bring positive effect in resolution datasets
(SR and ER), while λF has different optimal values when
additional terms are involved.

Beamformed images for θ = 0◦ plane-wave with the
addition of different regularization terms are presented in
Fig. 4, comparing conventional DAS to our proposed inverse
problem beamforming (IPB). FWHM in axial and lateral
direction and CNR values are shown in Table II. Compared
to DAS beamforming, FWHM and CNR values are seen to
be improved significantly with IPB. Distortion metrics were
binary thresholded with minimal differences between DAS and
IPB, as well as for adding different terms, so we have not
presented them herein.

We applied our method for multi-angle setup using the
optimal parameter sets λR and λC , where we coher-
ently compounded 11 and 75 plane-wave angles (θ =
{0,±0.43◦,±0.86,±1.30,±1.73,±2.16◦} for 11 plane-wave
setup). A small angular disparity was chosen to have a
large overlapping reconstruction region and high SNR in pre-
beamformed signals. Resulting IPB images are presented in
Fig. 5, with corresponding DAS images available in [31]. A
quantitative comparison against conventional DAS is presented
in Table III. It is seen that our proposed method achieves
similar FWHM and CNR values with a single angle compared
to DAS with 75 angles.

Two separate sets of parameters were optimized for
resolution-distortion and contrast data. For a practical im-
plementation, a single set would be required. We em-
pirically found such globally optimal parameter set as
λ∗={0.3, 0.01, 0.1, 0.1} to maximize a trade-off between both
metrics. Fig. 6 shows the resulting images, where SR had
0.38 mm axial and 0.57 mm lateral resolution, and ER had
0.50 mm and 0.73 mm, respectively. CNR values for SC and
EC were 11.29 dB and 5.56 dB respectively.

B. In-Vivo Data

We also applied our method on the in-vivo carotid dataset,
using the optimal parameter set λ∗ and f-number as 1.5.
Beamformed images with IPB are shown in Fig. 7. One can
see the carotid artery contrast is quite improved with respect to
DAS, especially in the transversal view. Results above indicate
that 11 plane-wave angles is a convenient operating point
for IPB, while single plane-wave still providing a significant
quality improvement over DAS.

Although convergence cannot be guaranteed for the opti-
mization problem in (12), in practice we observed convergence
in all our experiments. We used an iteration limit of 400, for
which IPB took approximately 3 minutes for any given data
sequences on an Intel Core i7-4770K CPU @ 3.5GHz.

V. DISCUSSION

The choice of `1 and `2 norms for the different regular-
ization terms in Eq. 12 were defined intuitively and based on
ultrasound imaging properties. Nevertheless, we also tested
different possible combinations of norm definitions, and in-
deed other definitions (e.g. having `2-norm for Rc or `1-norm
for RF ) have yielded poorer results in comparison.

In the experiment of adding regularization terms, the order
was chosen as first frequency and then spatial domain regu-
larization terms, also following their introduction. Repeating
this experiment in different orders, e.g. first spatial and then
frequency domain terms, still indicates improvement from
each term. Although spatial regularization terms (RH ,RD)
seem to have larger impact on perceptual image quality, the
optimal IPB results are obtained when using all terms, as
proposed. Note that having zeros in the grid search allowed
non-contributing terms to turn off, if they were not needed.

Note that the PICMUS challenge also tests whether the
resulting image intensities (in fact, an arbitrarily defined small
ROI thereof) fit a Rayleigh distribution, based on a hypothesis
testing at 5% confidence range. This quality metric ensures
the speckle appearance of the beamformed images, which are
relevant for some postprocessing tasks, but are not directly
relevant for either resolution or contrast; thus, this was not
evaluated herein.

Ultrasound speckle is treated as noise by regularization,
thereby sometimes removed or distorted [38]. Accordingly,
spatially-constant regularization parameters may cause over-
regularization in deeper regions, leading to a higher signal
smoothing/loss. Note that the IPB images were beamformed
using a parameter set tuned based on the presented conven-
tional metrics [31], which nevertheless may not be optimal for
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TABLE I
OPTIMAL VALUES FOR λD , λH , λF AND λc FOR DIFFERENT TASKS, ACQUISITIONS, AND EVALUATION CATEGORIES.

SR SC
λF λc λH λD λF λc λH λD

‖Akx− bk‖22 – – – – – – – –
+ λFRF (x) 0.1 – – – 0.2 – – –

+ λcRc(x) 0.1 0 – – 0.1 1 – –
+ λHRH(x) 0.5 0 5 – 1 0.05 0.1 –
+ λDRD(x) 0.5 0 5 0.1 0.1 0.05 0.05 0.1

DAS ‖Akx− bk‖22 + λFRF (x) + λcRc(x) + λHRH(x) + λDRD(x)

SR
SC

E
R

E
C

Fig. 4. Beamforming of the single 0◦ plane-wave using parameter sets λR (for SR and ER) and λC (for SC and EC), where the columns show the results from
adding different regularization terms to the optimization problem in Eq. (12), while rows indicate different image datasets with simulated (S) and experimental
(E) images for resolution (R) and contrast (C).

TABLE II
COMPARISON OF AXIAL AND LATERAL FWHM [MM], CNR [DB] AND CR ∈ [0, 1] OF BEAMFORMED IMAGES USING CONVENTIONAL DAS AND OUR

PROPOSED METHOD FOR DIFFERENT TASKS, ACQUISITIONS, EVALUATION CATEGORIES, AND PARAMETER SETS λR (FOR SR AND ER) AND λC (FOR SC
AND EC); WITH THE BEST VALUES IN EACH COLUMN HIGHLIGHTED IN BOLD.

SR SC ER EC
FWHMA FWHML CNR CR FWHMA FWHML CNR CR

DAS 0.40 0.82 9.96 0.18 0.57 0.89 8.15 0.10
‖Akx− bk‖22 0.59 0.65 -18.63 0 0.65 1.42 -18.05 0

+ λFRF (x) 0.40 0.56 -7.92 0 0.61 1.10 -11.40 0
+ λcRc(x) 0.40 0.56 -1.3 0.04 0.61 1.10 1.71 0.10

+ λHRH(x) 0.33 0.46 11.51 0.16 0.32 0.52 10.40 0.17
+ λDRD(x) 0.33 0.46 16.30 0.23 0.31 0.51 11.60 0.21
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Fig. 5. Beamforming using 1, 11, and 75 plane-waves for different image datasets using parameter sets λR (for SR and ER) and λC (for SC and EC).

TABLE III
COMPARISON OF FWHM [MM] AND CNR [DB] OF BEAMFORMED IMAGES USING SINGLE AND MULTIPLE PLANE-WAVES USING CORRESPONDING

PARAMETER SETS λR (FOR SR AND ER) AND λC (FOR SC AND EC).

SR SC ER EC
FWHMA FWHML CNR CR FWHMA FWHML CNR CR

DAS IPB DAS IPB DAS IPB DAS IPB DAS IPB DAS IPB DAS IPB DAS IPB
1 0.40 0.33 0.82 0.46 9.96 16.30 0.18 0.26 0.57 0.31 0.89 0.51 8.15 11.60 0.10 0.21

11 0.40 0.31 0.54 0.45 12.49 16.78 0.21 0.24 0.56 0.31 0.54 0.50 11.25 12.10 0.15 0.21
75 0.40 0.30 0.56 0.44 15.56 17.16 0.24 0.26 0.56 0.30 0.57 0.49 12.00 12.35 0.16 0.21

all-purpose diagnosis or best visual appearance. For instance,
IPB beamforming in Fig. 8 with a “suboptimal” parameter set
using {λF , λc, λH , λD}={0.5, 0, 0.1, 0.1} looks arguably
better in comparison to Fig. 4 ER results, although yielding
a lower average FWHM. This indicates the need for better,
task-specific quality metrics.

Fig. 7 illustrates that DAS results with 1PW are relatively
poorer, while DAS benefits from additional PW data. The
proposed IPB results with 1PW are already relatively good,
with similar FWHM and CNR to DAS with 75PW, thanks to
the IPB formulation and the introduced regularization terms.
Consequently, more PW angles lead to a smaller improvement.

Note that multiple plane-wave angles could also be solved
simultaneously by concatenating their FPs. But, since the
speckle appearance locally depends on the transmit plane-wave
direction, it cannot be intuitively expected the beamformed

images from vastly different directions to be exactly the same.
Therefore, we used the statistically robust combination of the
beamformed images solved separately for different angles.

The cost function F(x) in Eq.(12) is shown in Fig. 9
during optimization using DAS initialization. This shows the
evolution of the data fidelity ( 7) and the regularization terms
( 8-11) over iterations.

We analyzed the robustness of our proposed method to
different initializations: (i) the DAS result, (ii) a zero vector,
(iii) AT

k bk, and (iv) a vector of uniformly distributed random
numbers ∈ [0, 0.01]. As can be seen from Fig. 10, our method
converges to the same reconstruction quality for all four
considered initialization strategies.

Using a GPU based solver, the runtime of our method could
be sped up closer to real time running rates for a practical
implementation.
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SR SC ER EC

Fig. 6. IPB results for the single 0◦ plane-wave using a fixed parameter set of λ?={λF ,λc,λH ,λD}={0.3, 0.01, 0.1, 0.1}.

DAS IPB DAS IPB

1
PW

11
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Fig. 7. Beamformed in-vivo carotid data using 1, 11, and 75 plane-waves using conventional DAS and our proposed method IPB using the parameter set λ?.

VI. CONCLUSIONS

We have developed the method for solving the full-domain
inverse problem of beamforming. The forward problem has
been formulated based on the transducer geometry and sound
travel assumption, and solved in a least squares sense. Several
intuitive and physics-based regularization terms have been pro-
posed to regularize the resulting ill-posed inverse problem. Im-
ages from single and multi-angle plane-wave acquisitions have
been successfully reconstructed with the proposed method.
Results show that all introduced regularization constraints
provide benefit in the beamforming by improving either res-

olution or contrast, and often both together. Our proposed
beamforming method achieves similar image quality with a
single 0◦ plane-wave compared to conventional DAS using 75
angles, 0.39 mm for the average FWHM and 16.3 dB for CNR.

APPENDIX

Publicly available PICMUS challenge [31] allowed us to
conveniently compare results with several state-of-the-art tech-
niques. For sake of completeness, we present in Table IV result
metrics from some earlier works that are deemed relevant
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Fig. 8. Single 0◦ plane-wave IPB reconstruction of the ER dataset with a
suboptimal parameter set, exemplifying in comparison to Fig. 4ER that the
considered PICMUS evaluation metrics may not optimize for visually best
appealing image.

Fig. 9. Cost in log scale over iterations with data fidelity and regularization
components, for SR and SC.

Fig. 10. Evolution of quality metrics average FWHM for SR and CNR for
SC, over iterations using different initializations as DAS result (blue), a zero
vector (red), AT

k b (yellow), and a vector of uniformly-distributed random
numbers ∈ [0, 0.01] (purple) with DAS score (black) as reference.

to our work; i.e. the methods based on Minimum Variance
(MV) [9], Coherence Factor (CF) [39], MV-CF [40], and
Sparsity based regularization (SBR) [20].
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