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Why Factor Graphs?

Factor graphs are a “language” for system models.

Well known: A large variety of algorithms in coding, signal pro-

cessing, and artificial intelligence can be explained as special
cases of summary-product message passing on a factor graph:
BCJR forward-backward algorithm, Viterbi algorithm, iterative
decoding of turbo codes and low-density parity check codes,
belief propagation in Bayesian networks, Kalman filtering and
smoothing, . ...

Factor graphs are highly useful for the devel-
opment of new algorithms for a wide variety of real-world detec-
tion /estimation problems. In particular, they allow to combine
and to extend most prior art, including gradient methods, EM-
type algorithms, particle filters, .. ..
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Forney-Style Factor Graphs (FFG)

represent the factorization of a function of several variables.

(D. Forney: “Codes on graphs: normal realizations”, 2001)

Example:
f(x1, 9, T3, 24, T5) = falx1, o, x3) - fo(w3, T4, T5) - fo(Tg).
Ja /B
1 I3 XI5
X9 L4
fc
Rules:

e A node for every factor.
e An edge or half-edge for every variable.

e Node ¢ is connected to edge x iff variable x appears in factor g.

What if some variable appears in more than 2 factors?
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Example:
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Markov Chain

pxyvz(x,y, 2) = px(2) 'pY|X<y‘37> 'pZ\Y(z|y)-

Px Py |x Pziy
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Example:

Low-Density Parity Check Code

—————————————————————————————————————————————————————————————————————————————————

NN M.

“random’ connections

ANV V2 NV
Gode Ty R —— e
p(nle) [ Jp(wsle: Pyl
Chanel T
MoadnerI]e n Y, Y

\_

Brest 2003



Example:
Classical Linear State Space Models
X, = AX,_1+ BU;
Zry = OXy lUk lUkH
i = Zi+W; X1 I Xy Xi+1
Z Z
Wi = white Gaussian noise. V" okl
|Yi | Vi
-
i 15 i Zy,
Xk—l i Y — i Xk :‘ _________ ———:
—:_>A giis T | | Wk y |
i ] S .
IZk rYk‘
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Example:
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Channel with Unknown Parameters

01

On

Code
X X X,
Channel Model
v v,

Model for Channel Parameters
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Superimposed Signals

\_

Y

Brest 2003




Brest 2003

4 )
Summary-Product Message Update Rule
Each message is a function (usually a scaled pdf) of the variable
associated with the corresponding edge. This function is a summary
of everything “behind” this edge.
Xy
i \f Y
. X/ e
Hout
A
Nout(y) :Z Zf(xla --aajnay> (331) (I’n>
x1 Tn
or (e.g.)
Hout(y) = max. .. max f(z1, ..., 2, y) pa(21) -+~ 100 (@)
\_ J
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Example

Open box:
flz, 2, 2") = g(a"\h(z")o (2" — x)6(2" — x)
X' = X" =X for all valid configurations.

Closed box (= out of the box):

fla) =) ) glahh(a")d(a’ — 2)é(" — ) = g(z)h(x)

Brest 2003
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= Z Z g(z"h(z")o(x

Example: Addition / Convolution

: / 7 :

-

9 o

X
Open box:
flz, o', 2") = g(x")h(z")o(2" + 2" — x)
X"+ X" =X for all valid configurations.

Closed box (= out of the box):

Zg

CE'—CE'

QZ—CE’

Brest 2003
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Simple Remark 1:

Combining Information

Code 1

. .Xk Vi

Xkt1 Yii1

Code 2

Channel

The correct handling of extrinsic/intrinsic information is automatic
from the summary-product rule.
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Simple Remark 2:
Mappers and Such
¥ ¢ 01
A 7 ¢ 00
Xp | I $ 10
o 11
In the FFG, the mapper becomes a factor node with the local func-
tion i >
ALt f(xa,xp) =2
O, 25, 2) = { 0, else
N\ J
Brest 2003
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Simple Remark 3:
Hybrid Equality Node
X — Y
finite set X R
d(x — y) is a Kronecker delta in = and a Dirac delta in y.
Messages:
— Houty (Y) = 2 _pen 0y — @) pinx (2),
a sum of weighted Dirac deltas.
— prouex () = [, 0(x = y) piny (y) = priny (),
sampling the incoming density i,y at the elements of X.
- J
Brest 2003 16
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Signal Processing by Message Passing

Design choices:
e Modeling = choice of graph.

e Choice of message types and of the corresponding update rules
for continuous variables.

e Scheduling of the message computations.

Most good known signal processing techniques can be used, com-
bined, and extended.

Brest 2003
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Example:
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Channel with Unknown Parameters

01

On

Code
X X X,
Channel Model
v v,

Model for Channel Parameters
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Continuous Variables: Message Types
The following message types are widely applicable.
e Hard-decision estimate.
e Quantization of variables.
Obvious, but infeasible in higher dimensions.
e Function value and derivative (or gradient) at a point selected
by the receiving node. This data type allows gradient algorithms
(e.g., LMS).
e Mean and variance, often with an underlying assumption of
Gaussianity. This is the realm of Kalman filtering.
e List of samples. A pdf can be represented by a list of samples.
This data type is the basis of the particle filter, but it can be
used as a generic data type in a graphical model.
e Compound messages. The “product” of other message types.
- J
Brest 2003 19
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Kalman Filtering and Smoothing

B (B
T ik
S e = e e =
] I
arely C

Messages consist of mean vector m and covariance

W =v-1

matrix V or

Brest 2003
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Sum-Product Rules for Gaussian Messages

Xj‘ _ | Z my = (WX + Wy># (WX’mX + Wymy)

—>

Y“ Wy =Wx+ Wy
_ 7
§(x —y)o(z — 2) Ve =Vx(Vx+W)" Wy

Xt;Jr«_—? Mz = —Mmx — My
2 YTT V=V +Vy .
5(:U—|—y—|—2) WZ:WX<WX—|—Wy> Wy
my = Amy
3 XT: A T}Z’ Vy = AV A"
5(3/ B A:L’) Problem with Wy if A has not full row rank!
my = (AHWXA) #AHWXmX
X Y Wy = A4y A

5(:5 _ Ay) If A has full row rank_:1
my = AH(AAH) mx




Rules for Composite Blocks
The Heart of Kalman Filtering and RLS

X =17
T T mZ:mX+VXAHG (my—AmX)
i V= Vy — Ve ARG AV
. with G 2 (Vi + AV AH) ™
vi!
Xj’ + *jZ

my — —MmMx — Amy
WZ = WX — W)(AHAHWX
with H = (WY + AHWXA)_l




Data Type “List of Samples”: Particle Filter

e A probability distribution can be represented by a list of samples
from the distribution.

e This data type is the basis of the particle filter, which has re-
cently gained much attention in the statistics literature as a
means to overcome the limitations of Kalman filtering.

e |ts use for message passing in general factor graphs seems to be
largely unexplored, but promising.
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4 )
Continuous Variables: Message Types
The following message types are widely applicable.
e Hard-decision estimate.
e Quantization of variables.
Obvious, but infeasible in higher dimensions.
e Function value and derivative (or gradient) at a point selected
by the receiving node. This data type allows gradient algorithms
(e.g., LMS).
e Mean and variance, often with an underlying assumption of
Gaussianity. This is the realm of Kalman filtering.
e List of samples. A pdf can be represented by a list of samples.
This data type is the basis of the particle filter, but it can be
used as a generic data type in a graphical model.
e Compound messages. The “product” of other message types.
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On Gradient Methods

fa

\_
/

/B

f(0) = fa(0)f5(0)

Suppose we wish to find

f = argmax f(6)
0

AN

(and/or f(0)) by solving
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On Gradient Methods (cont'd)
fA \é
4 //Q 0 and/or £4(0) f(0)
1. Broadcast some initial estimate 0.
2. Node f4 (and similarly f5) replies by sending %(log fA(Q)) }ezé
3. New estimate 0 is computed as
A A d
Qnew — Qold TS == log f((g)
d(9( ) 0=0o1q
gt s (g fa®)|  + (105 f5(0)
do =01 do 0=0o1q
where s € R is a step-size parameter.
N\ J
Brest 2003 26



Conclusions

e Factor graphs help to develop practical algorithms for complex
real-world detection and estimation problems.

e Such algorithms may include combinations and extensions of
most prior art, including gradient methods, Kalman filtering,
particle filters, .. ..

e There are parallel developments (with similar graphical models)
in statistics, artificial intelligence, and neural networks.

e Forney-style factor graphs are especially elegant.
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