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The Two Canonical Uncertainty Descriptions
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X additionally: both require prior knowledge & suffer from distribution shift ...
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Distributional Uncertainty via Optimal Transport
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OT distance W.(Q,P) = inf E(z,2)~n le(z — 2))] | /Z\/\

ve(l(Q,P)

A

set of joint distributions [ transportation cost )
with marginals Q and P

OT distance W.(Q, ) can capture continuous (physics) & v

discrete (data) distributions — data-driven parameterization
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Geometric Properties of OT Ambiguity Sets

Example. [P, = 4

-+ We(Q,d0) = Ezng [c(z — 0)]
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-

1|

-

5 c(x —0)=|x—0

—0
c(x ) P, — &,

A A

NI

—3e —2¢ —¢

0 €

—3e —2¢ —¢€ 0 €

2e

3e

\/ Generalizes deterministic robustness {
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expressive: robustness in space & likelihood \/

bounded support

— reduces conservativeness

unbounded support — captures black swans




Capturing of OT Ambiguity Sets from Data

true distribution PP, . sample distribution 7, ambiguity set BS(IP),)
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Statistical guarantees:

( )

1/maz{2,d} true distribution inside
1. 520(7?,_ max{?2, )

the OT ambiguity set

. J

( )

true risk upper bounded
by the robust risk

2. €=0 (n_l/Q) -
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Outline

0. Capturing

1. Propagation

2. Computation

3. Applications:
— today: control
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Optimal Transport-Based DRO Distributionally Robust Control

min  sup Ez.g[l(0,2)]

2441 = Azy + Bug + | wy
e QGBS(P,,)

Samples {w®}r,

Theorem (Convex Reformulation). State = ambiguity set

inf e TP % z?:l Si
st. 0€0O,NeRy, s €R, (; €R?
(—€;)*2(0, —Cij) + A (Cij /A, 20) < si

St MPC

Se—1 =
min Y, Oz, ue)

s.t.  supges, CVaR g, ~q (20 € X) <0

+

Assumptions.

Uncertainty 7

(i) €00, z) = max;c[5 4;(0, 2),

£;(0, z) convex-concave.

e c£=0.0,cost =113
e c=0.1,cost =128
e £=0.3cost =139
or

(i) £(0,2) =£(07 2).

o

WeQP,) = inf / (21, Zo)d( 21, Zo)
R4 xR4

(i) ¢(¢, 2) is convex in C. SET(@Q.P,)

Theorem (Nash Equilibrium).

Q
BL(P,) := ) \ { }
21 22 ... Zn

Theorem (Uncertainty Propagation).

The DRO problem is equal to
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ey z~q [£(0, Z)]
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6( ) = g T( )

41#]3 I n CB 41#]I n ] . . ..

B.'(F = £ 7 Q is discrete with finite support.
(l-:‘( I) {Q ZNQ“ ” <— E} pp

with equality if A is

(..fortum full row-rank. Example: SVM on MNIST dataset.
Cost ¢ 1e6 Accumulated profit over 4 days =0 9 4
0.5 o —
3 —— forecast mean
in BE(P,.) 333338888% .,
0.0 4 — DROradius 1.5 =001
captures - - = P 7 — 17
os § 3 £ <3 3 o g & 2‘ 7 — I
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e=
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Energy Markets Machine Learning
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Propagation
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Propagation of OT Ambiguity Sets

1 — 1 —
Pushf d tion: Z ~P Z) ~ fyulP P, = — .. P, = — p(-.
ushforward operation - f(Z) [ { - ; o> fu - ; £( ,,)]

( Is this an OT ambiguity set? )

£
BZ(I,) = P, —  fuBS(P,) =7
If not, can we capture it tightly
with another OT ambiguity set?
Example (deterministic).  — B%(z) :={z € R%: ¢(z — ) < ¢} f:RY— R? bijective

= f(B(20)) = {f(2) €R?: c(2 —20) <e}] o

s f(BS(20)) = {Z € RY: e(f71(E) — fH(f(20)) < e} = B (f(20))

N~ 4
-~
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Pushforward of OT Ambiguity Sets

Theorem. (P arbitrary)

1. If f is bijective, then

f4BS(P) = B! (f4P)

2. If f is injective/surjective, then

f4B(P) C B (f4P)

3. If f(2) = Az with a general matrix A, then
AyBZ(F) C BE (A4P)
with equality = if A is full row-rank
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faBZ(P) =
B! (ful)

¥
closure: is an OT \/
ambiguity set !

(in a different geometry)
v
\/ easy to propagate

(as in the deterministic case)
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This Propagation Result Enables ...

:Q: connection to ... :

: e s . particle filter ?

1. Robust Uncertainty Quantification S
5 f nonlinear P f linear
Gaussian

Monte Carlo + Distributional Robustness

“ P ” sampling propagate
~

samples

Zl Z2 ... ZTL

f(zl) f<22> o f(zn)

1 <& propagate o [ 1 n
_Z - BT (=) e
a3 robustness n
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2.

This Propagation Result Enables ...

Distributionally Robust System Theory

o —»
Tp4+1 = Az + wy,

Wy, —

1
—> L1 > Tk4+1 = Aa;k; + W = AIH_ To + [Ak

Capture uncertainty:

1 noise trajectories

WO = {|al’,... @

I}

n

1=1

\

A T

4

N~

Dy, (full row-rank)

Propagation: The distributional uncertainty of the state x;.1 is exactly captured by

n
COD;L 1
B&‘ 5 E 5Ak+1x0_|_pk{,\\,(i)
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Geometry: Decomposition of Dynamics: Nominal zx + Error ¢

nominal: zpy11 = Azg c (1
. . coD
Cw, ] OT ambiguity set of xp11 = 25401 + 11 Be F - E 0 Ak+1gy 1Dy ()
i=1
error: ¢, = Dy » —_—
k—1 (4)
Wi f+1 €0

.........................................

:Q: distributional stability :
. orcontraction of
ambiguity sets ?

- X ( 1 ) SR At S ]
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This Propagation Result Enables ... Cei= [(A+ BE)'B ... (A+BK)B B

Dy :=[(A+BK)* ... (A4 BK) I fulrank
3. Distributionally Robust Control [ T I T a1
s = A B = (A4 BRY 4@ |+
v L] L
V[0:k]

n noise trajectories

] — ] —
~ (1) ,: { {@62)7 o 7@](;)} } n Zl W(O)h —> € (n Z W[(O:)k:}>

uncertainty Wio:k] - i=1

Capture noise

Proposition. The distributional uncertainty of the state zx. 1 is exactly captured by

:Q: optimal
D . orrobust
Sk41 1= BCO § 0 k41 @ 5 :
1 (A+BK)**t120+CrVio.x +DrW (., . control ?
/L ------------------------
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Computation
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Example: Distributionally Robust CVaR Constraints

= {CE c R% : max ajT:c +0b; < O} — Constraint: sup CVaR(% (max ajTa:k + bj) <0
J QeSy, J

v

OT ambiguity set S; captures the
Pr(zy € X) > 1—9 & benign tail risk

distributional uncertainty of xy,

CVaR?2 (maxj ajTa:k + bj) Is of the form:

inf E..q¢(0,2), 1—36

with (6, z) = max of affine functions

(expectation of the §-tail) CVaR;
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Distributionally Robust Optimization (DRO)

N

Strong dual formulation inf  sup E,.q[l0,2)] £0,z2)
e Qe BC(Pn)
inf A 00 — 2
2 502 e 0.0 -2elc - *

infinite-dimensional

Theorem. Let ¢ be convex. Then the DRO problem has the same infimum as

inf A+ 2308
st. 0 €O, NeR,, s; €R, (; € RY, Vi, j
(—£;)*2(0, —Ciz) + Gy zi + Ac*(Gig/A) < 84y Vi, g
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= max ¢;(0, z)

J ~—_—

convex-concave

\/ efficiently
computable

s.t. reasonable
assumptions
(very active area)
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Decomposition of Dynamics

LTI Stochastic System:

Tube formulation:

Nominal Dynamics:

Error Dynamics:
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Ty = Axp + Blug|+ wy = (A—I—BK)kle xo + Cp

[Kﬂfk -+ Uk]

Tk = Rk T €k

241 = (A + BK)Zk + Bug

€k+1 = Dk

Wo

Wk —1
Wi

z;,. = nominal state, ¢, = error state

20 — I

Vk—1
Vg

+(Dx

Wk—-1
Wk

full row-rank
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Evolution of Decomposed of Dynamics: Nominal zx + Error ¢,

. . . CcO T 1
OT ambiguity set of 11 is Sgi1 := Be Pr (
n

mn
E : 0 (A+BK)*kT1xo+Crvig.k +DkVA"[<£:)M
=1

Nominal dynamics

_|_
coD! 1 ..
B: * ( 0 (i) ) Error OT ambiguity set
n 4 ©
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Wasserstein Tube MPC

: N-1
WT-MPC: min =0 (Hzmtﬂé + Hvklt”%%)

s.t. Uk, 2kt
Zk—|—1|t — (A + BK)Zk|t —|— B/Uk‘t
szz|t + Ukt cUB ng

Set of convex deterministic
SUPQes, CVaR(% (maxj ajT.:UW - bj) <0| —»

constraints on zj;

ZNJt € Zf
20|t = Lt
Theorem (informal). - the optimal control problem is efficiently solvable,

- the receding-horizon implementation is recursively feasible
under appropriate assumptions on Z; & constraint tightening,

- ... and closed-loop stability is still open ©
ETH:zirich 20



Wasserstein Tube MPC
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robust tube vs

Wasserstein tube
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Summa
"y true distribution [P,

- pitfalls of robust & stochastic uncertainty descriptions X ° o
- OT ambiguity capturing of distributional uncertainty
- propagation results in yet another OT ambiguity set sample distribution 7,

- today’s application to control: Wasserstein tube MPC

ambiguity set

Conclusions: better uncertainty model v

- parametrizable from data - expressive: space & likelihood
- strong statistical properties - closure under propagation

- efficiently computable - robust to distribution shift
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