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What do we see here ?

Hz

*10 sec
BEWAG      UCTE
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Frequency of West Berlin re-connecting to Europe

Hz

*10 sec
BEWAG      UCTE

December 7, 1994

before re-connection: islanded operation based on batteries & single boiler

afterwards connected to European grid based on synchronous generation
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The foundation of today’s power system

Synchronous machines with rotational inertia

M
d

dt
ω ≈ Pgeneration − Pdemand

Today’s grid operation heavily relies on
1. kinetic energy 1

2
Mω2 as safeguard against disturbances

2. self-synchronization of machines through the grid
3. robust stabilization of frequency and voltage by generator controls

We are replacing this solid foundation with . . .
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Tomorrow’s clean and sustainable power system

synchronous machines

+ large rotational inertia

+ kinetic energy 1
2
Mω2 as buffer

+ self-synchronize through grid

+ robust control of voltage & freq.

– slow primary control

renewables & power electronics

– no rotational inertia

– almost no energy storage

– no inherent self-synchronization

– fragile control of voltage & freq.

+ fast actuation & control

what could possibly go wrong?
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The concerns are not hypothetical
issues broadly recognized by TSOs, device manufacturers, academia, agencies, etc.

UPDATE REPORT ! 

BLACK SYSTEM EVENT 

IN SOUTH AUSTRALIA ON 

28 SEPTEMBER 2016  
 

 

AN UPDATE TO THE PRELIMINARY OPERATING INCIDENT 

REPORT FOR THE NATIONAL ELECTRICITY MARKET. 

DATA ANALYSIS AS AT 5.00 PM TUESDAY 11 OCTOBER 2016. 

 

 

lack of robust control:

“Nine of the 13 wind farms
online did not ride through the
six voltage disturbances
experienced during the event.”

between the lines:
conventional system would
have been more resilient (?)

ERCOT is recommending the transition to the following five AS products plus one additional AS 

that would be used during some transition period:     

1. Synchronous Inertial Response Service (SIR), 

2. Fast Frequency Response Service (FFR), 

3. Primary Frequency Response Service (PFR),  

4. Up and Down Regulating Reserve Service (RR), and 

5. Contingency Reserve Service (CR). 

6. Supplemental Reserve Service (SR)  (during transition period) 

 

ERCOT CONCEPT PAPER 

Future Ancillary Services in ERCOT 

PUBLIC 

 

The relevance of inertia in power systems

Pieter Tielens n, Dirk Van Hertem

ELECTA, Department of Electrical Engineering (ESAT), University of Leuven (KU Leuven), Leuven, Belgium and EnergyVille, Genk, Belgium

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/rser

Renewable and Sustainable Energy Reviews

Renewable and Sustainable Energy Reviews 55 (2016) 999–1009

MIGRATE project: 

Massive InteGRATion of power Electronic devices

Frequency Stability Evaluation 
Criteria for the Synchronous Zone 
of Continental Europe  

– Requirements and impacting factors –  

RG-CE System Protection & Dynamics Sub Group  

However, as these sources are fully controllable, a regulation can be 
added to the inverter to provide “synthetic inertia”. This can also be 
seen as a short term frequency support. On the other hand, these 
sources might be quite restricted with respect to the available 
capacity and possible activation time. The inverters have a very low 
overload capability compared to synchronous machines. 

Impact of Low Rotational Inertia on
Power System Stability and Operation

Andreas Ulbig, Theodor S. Borsche, Göran Andersson

ETH Zurich, Power Systems Laboratory
Physikstrasse 3, 8092 Zurich, Switzerland

ulbig | borsche | andersson @ eeh.ee.ethz.ch
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Critically re-visit system modeling/analysis/control

Foundations and Challenges of Low-Inertia Systems
(Invited Paper)

Federico Milano
University College Dublin, Ireland

email: federico.milano@ucd.ie

Florian Dörfler and Gabriela Hug
ETH Zürich, Switzerland
emails: dorfler@ethz.ch,

ghug@ethz.ch

David J. Hill∗ and Gregor Verbič
University of Sydney, Australia
∗ also University of Hong Kong

emails: dhill@eee.hku.hk,
gregor.verbic@sydney.edu.au

• New models are needed which balance the need to
include key features without burdening the model
(whether for analytical or computational work) with
uneven and excessive detail;

• New stability theory which properly reflects the new
devices and time-scales associated with CIG, new
loads and use of storage;

• Further computational work to achieve sensitivity
guidelines including data-based approaches;

• New control methodologies, e.g. new controller to
mitigate the high rate of change of frequency in low
inertia systems;

• A power converter is a fully actuated, modular, and
very fast control system, which are nearly antipodal
characteristics to those of a synchronous machine.
Thus, one should critically reflect the control of a
converter as a virtual synchronous machine; and

• The lack of inertia in a power system does not need to
(and cannot) be fixed by simply “adding inertia back”
in the systems.

The later sections contain many suggestions for further
work, which can be summarized as follows:

a key unresolved challenge: control of power converters in low-inertia grids
→ industry is willing to explore green-field approach (see MIGRATE project)

[Milano, Dörfler, Hug, Hill, & Verbic, PSCC’ 18] 7



Cartoon summary of today’s approach
Conceptually, inverters are oscillators that have to synchronize

Hypothetically, they could sync by communication (not feasible)

theory: sync of coupled
oscillators & nonlinear
decentralized control

power systems/electronics
experiments @NREL show
superior performance
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Cartoon summary of today’s approach
Colorful idea: inverters sync through physics & clever local control

theory: sync of coupled
oscillators & nonlinear
decentralized control

power systems/electronics
experiments @NREL show
superior performance
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Outline

Introduction: Low-Inertia Power Systems

Problem Setup: Modeling and Specifications

State of the Art: Comparison & Critical Evaluation

Dispatchable Virtual Oscillator Control

Experimental Validation

Conclusions



Modeling: signal space in 3-phase AC circuits

three-phase AC[
xa(t)
xb(t)
xc(t)

]
=

[
xa(t+ T )
xb(t+ T )
xc(t+ T )

]
periodic with 0 average

1
T

∫ T
0
xi(t)dt = 0

2. PRELIMINARIES IN CONTROL THEORY AND POWER SYSTEMS
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Figure 2.1: Symmetric and asymmetric AC three-phase signals. The lines correspond to

xa ’—’, xb ’- -’, xc ’· · · ’.

30

balanced (nearly true)

= A(t)

[
sin(δ(t))

sin(δ(t)− 2π
3
)

sin(δ(t) + 2π
3
)

]
so that

xa(t) + xb(t) + xc(t)=0
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30

synchronous (desired)

=A

[
sin(δ0 + ω0t)

sin(δ0 + ω0t− 2π
3
)

sin(δ0 + ω0t+
2π
3
)

]
const. freq & amp

⇒ const. in rot. frame
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30

assumption : balanced⇒ 2d-coordinates x(t) = [xα(t)xβ(t)] or x(t) = A(t)eiδ(t)

from currents/voltages to powers : active p = v>i and reactive q = vTR(π
2

)︸ ︷︷ ︸
90◦rotation

i
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Modeling: the network
interconnecting lines via Π-models & ODEs

6

9 3

12

I quasi-steady state algebraic model ∼ diffusive (synchronizing) coupling
i1
...

in


︸ ︷︷ ︸

nodal injections

=


...

. . .
... . .

. ...
−yk1I2 · · · ∑n

j=1 ykjI2 · · · −yknI2
... . .

. ...
. . .

...


︸ ︷︷ ︸

Laplacian⊗I2 with ykj =1 / complex impedance


v1
...

vn


︸ ︷︷ ︸

nodal potentials

I salient feature: local measurement reveal global information

ik︸︷︷︸
local variable

=
∑

j
ykj (vk − vj)︸ ︷︷ ︸

global information
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Modeling: the power converter

vdc

i
L R

C vG

io

1

2
vdc u network

idc

DC port modulation LC output filter AC portcontrol to power grid(3-phase)

I passive DC port port (idc, vdc) for energy balance control

→ details neglected today: assume vdc to be stiffly regulated

I modulation ≡ lossless signal transformer (averaged)

→ controlled switching voltage 1
2
vdcu with u ∈ [−1, 1]

I LC filter to smoothen harmonics with R,G modeling filter/switching losses

well actuated, modular, & fast control system ≈ controllable voltage source

11



Control objectives in the stationary frame

1. synchronous frequency:

d

dt
vk =

[
0 −ω0

ω0 0

]
vk ∀ k ∈ V := {1, . . . , N}

∼ stabilization at harmonic oscillation with synchronous frequency ω0

2. voltage amplitude:

‖vk‖ = v? ∀ k ∈ V (for ease of presentation)

∼ stabilization of voltage amplitude ‖vk‖

3. prescribed power flow:

v>k io,k = p?k , v>k R(π
2

)︸ ︷︷ ︸
90◦rotation

io,k = q?k ∀ k ∈ V

∼ steady-state active & reactive power injections {p?k, q?k} 12



Main control challenges

0 v1

v2

0

θ?12

v?

v1
v2

ω0

ω0

E nonlinear objectives (v?k, p
?
k, q

?
k) & stabilization of a limit cycle

E decentralized control: only local measurements (vk, io,k) available

E time-scale separation between slow sources & fast network may not hold

+ fully controllable voltage sources & stable linear network dynamics
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Baseline: virtual synchronous machine emulation
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Virtual synchronous generators: A survey and new perspectives

Hassan Bevrani a,b,⇑, Toshifumi Ise b, Yushi Miura b

aDept. of Electrical and Computer Eng., University of Kurdistan, PO Box 416, Sanandaj, Iran
bDept. of Electrical, Electronic and Information Eng., Osaka University, Osaka, Japan
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I PD control on ω(t) : M d
dt
ω(t) + D (ω(t)− ω0) = Pgeneration(t)− Pdemand(t)

I there are smarter implementations at the cost of algorithmic complexity
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Standard power electronics control approach
to virtual machine emulation would continue by

tracking control
(cascaded PIs)

-

1

3 2

44 1

reference synthesis 1. acquiring & processing
of AC measurements

2. synthesis of references
(voltage/current/power)
“how would a synchronous
generator respond now ?”

3. track error signals at
converter terminals

4. actuation via modulation
and DC-side supply

15



Droop as simplest reference model [Chandorkar, Divan, Adapa, ’93]

I frequency control by mimicking p− ω
droop property of synchronous machine:

D (ω − ω0) = p− p?

I voltage control via q − ‖v‖ droop heuristic:
d
dt
‖v‖ = −c1(‖v‖ − v?)− c2(q − q?)

P2P1
P

!

!*

!syncωsync

ω

p(t) − p∗

ω0

→ direct control of (p, ω) and (q, v)
assuming they are independent
(true only near steady state)

→ requires tricks in implementation :
low-pass filters for dissipation, virtual
impedances for saturation, limiters,. . .

filtering

logic for sync

droop

tracking controllers

tricks

16



Challenges in power converter implementations

Virtual synchronous generators: A survey and new perspectives

Hassan Bevrani a,b,⇑, Toshifumi Ise b, Yushi Miura b

a Dept. of Electrical and Computer Eng., University of Kurdistan, PO Box 416, Sanandaj, Iran
b Dept. of Electrical, Electronic and Information Eng., Osaka University, Osaka, Japan
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a b s t r a c t

In comparison of the conventional bulk power plants, in which the synchronous machines dominate, the
distributed generator (DG) units have either very small or no rotating mass and damping property. With
growing the penetration level of DGs, the impact of low inertia and damping effect on the grid stability
and dynamic performance increases. A solution towards stability improvement of such a grid is to pro-
vide virtual inertia by virtual synchronous generators (VSGs) that can be established by using short term
energy storage together with a power inverter and a proper control mechanism.

The present paper reviews the fundamentals and main concept of VSGs, and their role to support the
power grid control. Then, a VSG-based frequency control scheme is addressed, and the paper is focused
on the poetical role of VSGs in the grid frequency regulation task. The most important VSG topologies
with a survey on the recent works/achievements are presented. Finally, the relevant key issues, main
technical challenges, further research needs and new perspectives are emphasized.

! 2013 Elsevier Ltd. All rights reserved.

1. Introduction

The capacity of installed inverter-based distributed generators
(DGs) in power system is growing rapidly; and a high penetration
level is targeted for the next two decades. For example only in Ja-
pan, 14.3 GW photovoltaic (PV) electric energy is planned to be
connected to the grid by 2020, and it will be increased to 53 GW
by 2030. In European countries, USA, China, and India significant
targets are also considered for using the DGs and renewable energy
sources (RESs) in their power systems up to next two decades.

Compared to the conventional bulk power plants, in which the
synchronous machine dominate, the DG/RES units have either very
small or no rotating mass (which is the main source of inertia) and
damping property. The intrinsic kinetic energy (rotor inertia) and
damping property (due to mechanical friction and electrical losses
in stator, field and damper windings) of the bulk synchronous gen-
erators play a significant role in the grid stability.

With growing the penetration level of DGs/RESs, the impact of
low inertia and damping effect on the grid dynamic performance
and stability increases. Voltage rise due to reverse power from
PV generations [1], excessive supply of electricity in the grid due
to full generation by the DGs/RESs, power fluctuations due to var-
iable nature of RESs, and degradation of frequency regulation
(especially in the islanded microgrids [2], can be considered as
some negative results of mentioned issue.

A solution towards stabilizing such a grid is to provide addi-
tional inertia, virtually. A virtual inertia can be established for
DGs/RESs by using short term energy storage together with a
power electronics inverter/converter and a proper control mecha-
nism. This concept is known as virtual synchronous generator
(VSG) [3] or virtual synchronous machine (VISMA) [4]. The units will
then operate like a synchronous generator, exhibiting amount of
inertia and damping properties of conventional synchronous ma-
chines for short time intervals (in this work, the notation of
‘‘VSG’’ is used for the mentioned concept). As a result, the virtual
inertia concept may provide a basis for maintaining a large share
of DGs/RESs in future grids without compromising system stability.

The present paper contains the following topics: first the funda-
mentals and main concepts are introduced. Then, the role of VSGs
in microgrids control is explained. In continuation, the most
important VSG topologies with a review on the previous works
and achievements are presented. The application areas for the
VSGs, particularly in the grid frequency control, are mentioned. A
frequency control scheme is addressed, and finally, the main tech-
nical challenges and further research needs are addressed and the
paper is concluded.

2. Fundamentals and concepts

The idea of the VSG is initially based on reproducing the dynamic
properties of a real synchronous generator (SG) for the power
electronics-based DG/RES units, in order to inherit the advantages
of a SG in stability enhancement. The principle of the VSG can be
applied either to a single DG, or to a group of DGs. The first

0142-0615/$ - see front matter ! 2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.ijepes.2013.07.009

⇑ Corresponding author at: Dept. of Electrical and Computer Eng., University of
Kurdistan, Sanandaj, PO Box 416, Iran. Tel.: +98 8716660073.

E-mail address: bevrani@ieee.org (H. Bevrani).
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Abstract- The method to investigate the interaction between a 

Virtual Synchronous Generator (VSG) and a power system is 
presented here. A VSG is a power-electronics based device that 
emulates the rotational inertia of synchronous generators. The 
development of such a device started in a pure simulation 
environment and extends to the practical realization of a VSG. 
Investigating the interaction between a VSG and a power system 
is a problem, as a power system cannot be manipulated without 
disturbing customers. By replacing the power system with a real 
time simulated one, this problem can be solved. The VSG then 
interacts with the simulated power system through a power 
interface. The advantages of such a laboratory test-setup are 
numerous and should prove beneficial to the further 
development of the VSG concept. 

I.  INTRODUCTION 
 Short term frequency stability in power systems is secured 
mainly by the large rotational inertia of synchronous 
machines which, due to its counteracting nature, smoothes out 
the various disturbances. The increasing growth of dispersed 
generation will cause the so-called inertia constant of the 
power system to decrease. This may result in the power 
system becoming instable [1]-[3]. A promising solution to 
such a development is the Virtual Synchronous Generator 
(VSG) [4]-[8], which replaces the lost inertia with virtual 
inertia. The VSG consists of three distinctive components, 
namely a power processor, an energy storage device and the 
appropriate control algorithm [4] as shown in Fig. 1. This 
system has been tested in a full Matlab/Simulink [21] 
simulation environment with promising results. 

 
Fig. 1.  The VSG Concept. 

                                                           
This work is a part of the VSYNC project funded by the European 

Commission under the FP6 framework with contract No:FP6 – 038584 
(www.vsync.eu). 

 To better study and witness the effects of virtual inertia, the 
hardware of a real VSG should be tested within a power 
system. Investigating the interaction between a real VSG and 
a power system is not easy as a power system cannot be 
manipulated without disturbing customers. Building a real 
power system for testing purposes would be too costly. By 
replacing the power system with a real time simulated one, 
this problem can be solved. In this paper the testing of a real 
hardware VSG in combination with a simulated power system 
is described. 
 The power processor from Fig.1 is built from a Triphase® 
[9], [10] inverter system. The Matlab/simulink VSG 
algorithm is directly implemented on the inverter system 
through a dedicated FPGA interface developed by Triphase®. 
 In order to test the hardware implemented VSG and to 
study its effects within a power system, it is connected with a 
real time digital simulator from RTDS® [17] through a power 
interface (Fig 2). 

 
Fig. 2.  RTDS and Power Interface and VSG in a closed loop. 
 
 The RTDS® simulates power systems in real time and is 
often used in closed loop testing with real external hardware. 
Keeping in mind that the ADCs and DACs, which are the 
inputs and outputs of the RTDS, have a dynamic range of 
±10V max rated at 5mA max and the Triphase® inverter 
system is rated at 16kVA, it is clear that a power interface has 
to come in between to make this union possible as it is shown 
in Fig. 2. 
  The main function of the power interface is to replicate the 
voltage waveform of a bus in a network model to a level of 
400VLL at terminal 1 in Fig. 2. This terminal is loaded by the 
VSG and the current flowing from/to the VSG is fed back to 
the RTDS, to load the bus in the network model with that 
current. 
 The simulated power system is a transfer from the 
Matlab/Simulink environment, in which the system was 
developed initially, to RSCAD [18] format. 
 In section II the requirements for testing a VSG and the 
principle of a VSG are discussed and in section III the test set 
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1. delays in measurement acquisition,
signal processing, & actuation

2. constraints on currents & voltages

3. performance improvement via “tricks”

4. certificates on stability & robustness

Frequency Stability Evaluation 
Criteria for the Synchronous Zone 
of Continental Europe  

– Requirements and impacting factors –  

RG-CE System Protection & Dynamics Sub Group  

However, as these sources are fully controllable, a regulation can be 
added to the inverter to provide “synthetic inertia”. This can also be 
seen as a short term frequency support. On the other hand, these 
sources might be quite restricted with respect to the available 
capacity and possible activation time. The inverters have a very low 
overload capability compared to synchronous machines. 

→ proper implementation (internal model + matching + PBC) alleviates some issues
[Jouini, Arghir, & Dörfler, Automatica ’17]

17



Comparison of droop/emulation/matching @AIT

droop control machine emulation PBC + matching

oscillations

overshoots

slow convergence

[Tayebi, Dörfler, Kupzog, Miletic, & Hribernik, CIRED ’18]

• all controllers perform fine near steady-state and under nominal conditions
• all show poor transient performance unless augmented with various “tricks”
→ none appears suitable for post-fault stabilization in a low-inertia power system

18



Virtual Oscillator Control (VOC)

nonlinear & open limit cycle
oscillator as reference model
for terminal voltage (1-phase):

v̈ + ω2
0v + g(v) = io

+

-

g(v) v

io

−

+

v v

)v(g

• history: [Torres, Hespanha, Moehlis, ’11], [Johnson, Dhople, Krein,

’13], [Dhople, Johnson, Dörfler, Hamadeh, ’14], [Kim, Persis, ’17]

• simplified model amenable to theoretic analysis

→ almost global synchronization & local droop

• in practice proven to be robust mechanism
with performance superior to droop & others

→ problem : cannot be controlled(?) to meet
specifications on amplitude & power injections −4 −2 0 2 4
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Comparison of grid-forming control strategies
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virtual oscillator control (VOC)
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Inertia and damping interpretation

Limit-cycle-oscillator behavior

Grid-friendly matching of synchronous machines by 
tapping into the DC storage
Taouba Jouini, Cătălin Arghir, Florian Dörfler
Automatic Control Laboratory, ETH Zürich, Switzerland

Abstract Summary

tjouini@student.ethz.ch

carghir@control.ee.ethz.ch

dorfler@control.ee.ethz.ch
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Structural similarities allow model matching 
by adding one integrator 
Feedback relies solely on the DC voltage 
DC capacitor storage is translated into 
physical inertia 
Droop enabled Limit-cycle-oscillator with 
passivity properties in closed loop 
Mechanical equivalent has smaller inertia 
but higher damping compared to a SM

Overview of results

We propose a novel control strategy for grid-forming converters in low-inertia power 
grids. Our strategy is inspired by identifying the structural similarities between the 
three-phase DC/AC converter and the synchronous machine model. We explicitly match 
these models through modulation control so that they become structurally equivalent. 
Compared to standard emulation of virtual synchronous machines, our controller relies 
solely on readily available DC-side measurements and takes into account the natural DC 
and AC storage elements which are usually neglected. As a result, our controller is 
generally faster and less vulnerable to delays and measurement inaccuracies. We provide 
a virtual adaptive oscillator interpretation of our controller various plug-and-play 
properties of the closed loop, such as passivity with respect to the DC and AC ports as 
well as the steady-state droop slopes, which we illustrate in simulations.
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[Seo, Subotic, Johnson, Colombino, Groß, & Dörfler, ’18]20



Outline

Introduction: Low-Inertia Power Systems

Problem Setup: Modeling and Specifications

State of the Art: Comparison & Critical Evaluation

Dispatchable Virtual Oscillator Control

Experimental Validation

Conclusions



Recall problem setup
1. simplifying assumptions (will be removed later)

d
dt
vk(t) = uk(vk, io,k)

io,k to network • converter ≈ controllable voltage source

• grid ≈ quasi-static: ` d
dt
i+ ri ≈

(
j `ω0 + r

)
i

• lines ≈ homogeneous κ = tan(`kj/rkj) ∀k, j

2. fully decentralized control of converter terminal voltage & current

E set-points for relative angles {θ?jk}
E nonlocal measurements vj
E grid & load parameters

X local measurements (vk, io,k)

X local set-points (v?k, p
?
k, q

?
k)

3. control objective
stabilize desired quasi steady state
(synchronous, 3-phase-balanced,
and meet set-points in nominal case)

0

θ?12

v?

v1
v2

ω0

ω0

21



Colorful idea for closed-loop target dynamics
objectives: frequency, phase, and voltage stability

d

dt
vk =

[
0 −ω0

ω0 0

]
vk︸ ︷︷ ︸

rotation at ω0

+ c1 · eθ,k(v)︸ ︷︷ ︸
synchronization

+ c2 · e‖v‖,k(vk)︸ ︷︷ ︸
magnitude regulation

0 v1

v2

ω0

ω0

eθ,1(v)

eθ,2(v)

e ‖v‖,1(v1)

e ‖v‖,2(v2)
synchronization:

eθ,k(v) =
∑n

j=1
wjk
(
vj −R(θ?jk)vk

)

amplitude regulation:

e‖v‖,k(vk) =
(
v?2 − ‖vk‖2

)
vk

22



Decentralized implementation of target dynamics

eθ,k(v)=
∑

j
wjk(vj−R(θ?jk)vk)︸ ︷︷ ︸

need to know wjk, vj , vk and θ?jk

=
∑

j
wjk(vj − vk)︸ ︷︷ ︸

“Laplacian” feedback

+
∑

j
wjk(I−R(θ?jk))vk︸ ︷︷ ︸

local feedback: Kk(θ?)vk

insight I: non-local measurements from communication through physics

R(κ) io,k︸ ︷︷ ︸
local feedback (κ = `/r uniform)

=
∑

j
‖yjk‖(vj − vk)︸ ︷︷ ︸

distributed Laplacian feedback with wjk = ‖ykj‖

insight II: angle set-points & line-parameters from power flow equations

p?k = v?2
∑
j

rjk(1−cos(θ?jk))−ω0`jk sin(θ?jk)

r2
jk

+ω2
0`

2
jk

q?k = −v?2∑j

ω0`jk(1−cos(θ?jk))+rjk sin(θ?jk)

r2
jk

+ω2
0`

2
jk

⇒Kk(θ?)︸ ︷︷ ︸
global parameters

=
1

v?2
R(κ)

[
q?k p?k
−p?k q?k

]
︸ ︷︷ ︸

local parameters
23



Main results
1. desired target dynamics can be realized via fully decentralized control :

d

dt
vk =

[
0 −ω0
ω0 0

]
vk︸ ︷︷ ︸

rotation at ω0

+ c1 ·
∑n

j=1
wjk(vj −R(θ?jk)vk)︸ ︷︷ ︸

synchronization with global knowledge

+ c2 · (v?2 − ‖vk‖2) vk︸ ︷︷ ︸
local amplitude regulation

=
[

0 −ω0
ω0 0

]
vk︸ ︷︷ ︸

rotation at ω0

+ c1 ·R (κ)

(
1
v?2

[
q?k p?k
−p?k q

?
k

]
vk − io,k

)
︸ ︷︷ ︸

synchronization through physics

+ c2 · (v?2 − ‖vk‖2) vk︸ ︷︷ ︸
local amplitude regulation

2. almost global stability result :

If the . . . condition holds, the system is almost globally asymptotically
stable with respect to a limit cycle corresponding to a pre-specified solution
of the AC power-flow equations at a synchronous frequency ω0.
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Main results cont’d
3. certifiable, sharp, and intuitive stability conditions :

I consistent v?, p?k, and q?k satisfy AC power flow equations
I magnitude control slower than synchronization control
I power transfer “small enough” compared to network connectivity

e.g., for resistive grid: 1
2
λ2(L) > max

k

∑n

j=1

1

v?2
|pj,k| + c2 v

?

4. connection to droop control revealed in polar coordinates (for inductive grid) :

d

dt
θk = ω0 + c1

(
p?k
v?2
− pk
‖vk‖2

)
≈

‖vk‖≈1
ω0 + c1 (p?k − pk) (p− ω droop)

d

dt
‖vk‖ ≈

‖vk‖≈1
c1 (q?k − qk) + c2 (v? − ‖vk‖) (q − ‖v‖ droop)

25



Proof sketch for algebraic grid: Lyapunov & center manifold

Lyapunov function: V (v) = 1
2

dist(v,S)2 + c2
v?2

∑
k

(
v?2 − ‖vk‖2

)2

Z{02N} 0-stable manifold
sync set S

amplitude set A T

target set T

02N

T ∪ 02N is globally attractive
lim
t→∞
‖v(t)‖T ∪02N = 0

T is stable
‖v(t)‖T ≤ χ2(‖v0‖T )

T is almost globally attractive
02N exponentially unstable
=⇒ Z{02N} has measure zero
∀v0 /∈ Z{02N} : lim

t→∞
‖v(t)‖T = 0

stability & almost global attractivity =⇒ almost global asymptotic stability
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Case study: IEEE 9 Bus system

1
2

3

v1

v2

v3

4
8

6

5

9

7E

t = 0 s: black start of three inverters
• initial state: ‖vk(0)‖ ≈ 10−3

• convergence to set-point

t = 5 s: load step-up
• 20% load increase at bus 5
• consistent power sharing

t = 10 s: loss of inverter 1
• the remaining inverters synchronize
• they supply the load sharing power
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Simulation of IEEE 9 Bus system
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Dropping assumptions: dynamic lines

control gains ∼ 1.8 · 10−4
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.] control gains ∼ 1.8 · 10−3
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η = 1.8 · 10−3
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time [s]

‖v
k
‖

[p
.u

.] re-do the math leading to updated condition:
magnitude control slower than sync control
slower than line dynamics

observations
I inverter control interferes

with the line dynamics
I controller needs to be

artificially slowed down
I recognized problem

[Vorobev, Huang, Hosaini, & Turitsyn,’17]

“networked control” reason
I communication through

currents to infer voltages
I very inductive lines delay

the information transfer
I the controller must be slow

in very inductive networks
29



Proof sketch for dynamic grid: perturbation-inspired Lyapunov

d
d t
v = fv(v, i)

ia = h(v)

−h(v)

d
d t
i = fi(v, i)

v

i

v

y = i− h(v)

Individual Lyapunov functions
I slow system: V (v) for d

d t
v = fv(v, h(v))

I fast system: W (y) for d
d t
y = fi(v, y + h(v))

where d
d t
v = 0 & coordinate y = i− h(v)

Lyapunov function for the full system
I ν(x) = dW (i− h(v)) + (1− d)V (v)

where d ∈ [0, 1] is free convex coefficient

I d
d t
ν(x) is decaying under stability condition

Almost global asymptotic stability
I T ′ ∪ {0n} globally attractive & T ′ stable

I Z{0n} has measure zero
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Evaluation of stability conditions

0 5 10 15 20
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linear instability

certified stability region

constraints
violated

damping ratios
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0 2 4
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.] increase of control gains by factor 10
⇒ oscillations, overshoots, & instability
⇒ conditions are highly accurate
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Dropping assumptions: detailed converter model

voltage source model:

d
dt
v(t) = u(v, io)

io

detailed converter model with LC filter:

vdc

i
L R

C vG

io

1

2
vdc u

I idea: invert LC filter so that v ≈ 1
2
vdcu

→ control: perform robust inversion of LC filter via cascaded PI

I analysis: repeat proof via singular perturbation Lyapunov functions

→ almost global stability for sufficient time scale separation (quantifiable)

VOC model < line dynamics < voltage PI < current PI

[Subotic, ETH Zürich Master thesis ’18]

I . . . similar steps for control of vdc in a more detailed model
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Experimental setup @ NREL
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Experimental results [Seo, Subotic, Johnson, Colombino, Groß, & Dörfler, APEC’18]

black start of inverter #1 under 500 W load
(making use of almost global stability)

250 W to 750 W load transient with two
inverters active

connecting inverter #2 while inverter #1 is
regulating the grid under 500 W load

change of setpoint: p? of inverter #2
updated from 250 W to 500 W 34



Conclusions
Summary
• challenges of low-inertia systems
• dispatchable virtual oscillator control
• theoretic analysis & experiments

Ongoing & future work
• theoretical questions: robustness & regulation
• practical issue: compatibility with legacy system
• experimental validations @ ETH, NREL, AIT
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