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What do we see here?
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Frequency of West Berlin when re-connecting to Europe

Source: Energie-Museum Berlin

December 7, 1994

ucre *10 sec
s eon. 700, a0e.

before re-connection: islanded operation based on batteries & single boiler

afterwards connected to European grid based on synchronous generation
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Essentially, the pre/post West Berlin curves date backto. ..

Fact: all of AC power systems built around synchronous machines!

At the heart of it is the generator swing equation: 0, w
[ /-\
d 2 &
M — w(t) = Pgeneration(t) - Pdemand(t) g g
dt c 5
g o
change of kinetic energy = instantaneous power balance M
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Operation centered around bulk synchronous generation
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Renewable /distributed /non-rotational generation on the rise

new workhorse scaling

synchronous generator

new primary sources

location & distributed implementation

Generation Transmission Medium-voltage Low-voltage
distribution distribution

Almost all operational problems can
principally be resolved . ..but one (7)J

6/38
Fundamental challenge: operation of low-inertia systems
We slowly loose our giant electromechanical low-pass filter: 0, w
N

d 2 g

M a W(t) = Pgeneration(t) - 'Ddemand(t) g( ) §

Q Q

()]

change of kinetic energy = instantaneous power balance M

9 1 1 1 1 1 1

0 5 10 15 20 25 30 35
Time ¢ [s
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Berlin curves before and after re-connecting to Europe

Source: Energie-Museum Berlin
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Low-inertia stability: # 1 problem of distributed generation

2001
2022000 2000 005 g0

20072008 g0

# frequency violations in Nordic grid
(source: ENTSO-E)

same in Switzerland (source: Swissgrid)

inertia is shrinking, time-varying, localized, ... & increasing disturbances )

Solutions in sight: none really ...other than emulating virtual inertia
through fly-wheels, batteries, super caps, HVDC, demand-response, ... J
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Virtual inertia emulation

devices commercially available, required by grid-codes, or incentivized through markets

Improvement of Transient Response
in Microgrids Using Virtual Inertia

Nimish Soni, Student Member, IEEE, Suryanarayana Doolla, Member, IEEE, and
Mukul C. Chandorkar, Member, IEEE

Implementing Virtual Inertia in DFIG-Based

Wind Power Generation
mmadreza Fakhari Arani, Student Member, IEEE, and Ehab F. El-Saadany, Senior Member, IEEE|

Virtual synchronous generators: A survey and new perspectives| Dynamic Frequency Control Support: a Virtual
ushi Miura Inertia Provided by Distributed Energy Storage
to Isolated Power Systems

authier Delille, Member, IEEE, Bruno Frangois, Senior Member, IEEE, and Gilles Malarange

Inertia Emulation Control Strategy for [ Grid Tied Converter with Virtual Kinetic
VSC-HVDC Transmission Systems Storage

Jiebei Zhu, Campbell D. Booth, Grain P. Adam, Andrew J. Roscoe, and Chris G. Bright

M.P.N van W¢ ', S.W.H. de Haan', Senior member, IEEE, P. Varela® and K. Visscher’,

M — w(t) = Pgeneration(t)—Pdemand(t) = derivative control on w(t) J

= focus today: where to do it? how to do it properly? what else?
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Outline

network, disturbances, & performance metrics matter

maybe we should not think about frequency and inertia

restart from scratch for low-inertia systems




Virtual inertia is becoming a technology and a product

so let's see how we can make use of it

etnrana?

Schwungrad Energie intends to develop a comn|
storage plant for Ireland's D53 System Services
@ 20MW/10MWh Flywheel and lead-acid battery|
provide 5-20 minutes of power at full sukput

Ousbec's wind farms can produca bursss of power 10 stabize AC grid frequancy

Pure-play battery or hybrid grid energy
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optimal placement

of virtual inertia

General power system & inertia emulation model

disturbance inputs

—_—

(e.g., loss of load/generation)

controlled injections

power system model
(detailed & linearized)

(e.g., at PV,
batteries, etc.)

Y

synchronous machines, governors,

performance outputs

loads, transmission, batteries, PLL, ...f——>

-

(e.g., generator frequencies)

measured frequencies

N

virtual inertia & damping
(implemented as causal PD)

-
-
-

MiS + Dz

(e.g., atAC
voltage bus
via a PLL)

A

Tls—i—l
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Performance metrics for low-inertia systems

restoration time

frequency nadir

\ ROCOF (max rate of change of frequency)

nominal frequency

secondary control

energy unbalance

System norm quantifying signal amplifications
disturbances: impulse performance outputs:
(fault), step (loss of unit), [ =% system integral, peak, ROCOF,
white noise (renewables) restoration time, . ..
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Integral-quadratic coherency performance metric

/Ooo ()T Qx(t) dt J

nominal frequency

Ho> system norm interpretation: 7 —> Y
O performance output: y = Q1/2x
@ impulsive 7 (faults) — output energy [ y(t) " y(t) dt

© white noise 7 (renewables) — output variance Jim E (y(£)Ty(1))
—00
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Constraints on control inputs
© energy constraint: fooo uTRudt directly captured in H, framework

@ power constraint: u; = M; w; + D; w; bounded: ui(t)]e., <Ti

e
=)
=

o

RoCoF [Hz/s]
0.01Hzs M

|
=}
=]
=

-0.2-0.15-0.1-0.05 0 0.05 0.1 0.15
Frequency deviation [Hz] 0.2HzD

European frequency data (source: RTE) corresponding bounds on gains

= [[(wi(t), @i()lp I(Dr, Mi)llq bounded (5+5=1) = ||ui(t)|l¢.. bounded

© budget constraint for finitely many devices: ). u; = const.
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(sub)optimize performance
and see what we learn

Modified Kundur case study: 3 areas & 12 buses

added governors (droop) at generators & PLLs to obtain frequency for inertia emulation
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Test case

@ inertia emulation control d— x=Ax+ Bu-+ Gd

via PLL & batteries:

uj = [/\7,: D:] Xpre,i

——> Yperf

u E
up = [/\;,/ DI] XpLL,i

XpLr

e dynamics: swing equation, droop via governor & turbine, and PLL

5 _
(:d ASW BSW Kgov O BSW BSW
. = |Bgor  Agov O|x+|O0|u+]|0|d
"gov Bow 0 A 0 0
XpLL N—— ——"
—A -B -G
@ cost penalizes w 0o/ 0 O 0]
frequencies, droop Ugov 0 0 Kegoo O|x+ [Of u
control, & inertia u 00 0 O ]
emulation effort: Vout —Q2 _RL/2
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Algorithmic approach to desperate & non-convex problem

@ structured state-feedback
with constraints on gains d x = Ax+ Bu + Gd Yperf

A u XpLL
@ computation H> norm, [ - . j
ui = [Mi Di] XpLL,i

gradient, & projections:

@ observability and controllability Gramians via Lyapunov equations
(A—BK)"TP+P(A—BK)+Q+K'"RK =0
(A= BK)L+ L(A—BK)T +GGT =0

@ 7, norm J=Trace(G'PG) and gradient VxJ = 2(RK — BT P)L
© projection on structural constraint: V5 5J = My 5[VkJ]

= M and D can be optimized by first-order methods, IPM, SQP, etc.
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Results & insights

Optimal allocation:

> location of inertia &
damping matters

M+ M

» outperforms heuristic
uniform allocation

> need penalty on

droop control effort 002 |

w [Hz] (Gen 1)

> power constraint o

unifc

original

rm —— Ho

results in D ~ 2M 0

0.01

Fault at bus #4:

» strong reduction of
frequency deviation

u [[)11]

—0.01

—0.02

. .
1 2 3 4
t [sec|

5 6

uniform

Ho

» much less control 0
effort than heuristic

t [sec]
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placement & metrics matter!

can we get analytic insights ?




Inertia placement in swing equations

@ simplified network swing equation model:

m;b; + dif; = Pgen,i — Pdem,i ’
generator swing equations 5 a
B 3
2 g
Pdem,i = > bij (0;i — 0;) g a
linearized DC power flow —77 '

o likelihood of disturbance at #i: t; > 0 (available from TSO data)

oo
. 2 )
@ H» performance metric: /0 E y ajj(0i —0;)° + E i si0% dt

e decision variable is inertia: m; € [m;, m;]

(additional nonlinearity: enters as m; ! in constraints & objective) ”

/38

Closed-form results for cost of primary control

recall: primary control
d; 0; effort was crucial

allocation: the primary control effort
‘H> optimization reads equivalently as

o
. . t.
/ 0(t)"Do(t) dt minimize —
0 m; I m;j
subject to  >7;m; < Mygq

(computations show that insights

roughly generalize to other costs) m; < mj < mj

key take-away is disturbance matching:
» optimal allocation m? oc \/ti or m* = min{mgqge, Mm;}

= disturbance profile known from historic data, but rare events are crucial
> suggests robust min,, max; allocation to prepare for worst case

= valley-filling solution: t*/m’ = const. (up to constraints)

v
77738

Robust min-max allocation for three-area case study

Original, , and Capacity allocations  Cost

Scenario: fault (impulse) can
occur at any single node

» disturbance set
TeT:{elu---Uelg}

05

= min/max over convex hull

ﬂﬂﬂlldddd

> inertia capacity constraints allocation subject to capacity constraints

, and Uniform allocations Cost
0

» robust inertia allocation Original,
outperforms heuristic "

60

max-capacity allocation . .

0.15]
01
I N ‘ ‘ IH ‘ ‘ IH -
1 2 4 5 8 9 10 12

6
ode

allocation subject to the budget constraint

> results become intuitive:
valley-filling property

» same for uniform allocation
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Outline

network, disturbances, & performance metrics matter

maybe we should not think about frequency and inertia

restart from scratch for low-inertia systems




Averaged power converter model

Inp R L
Ix
+ + eV 4
ige @ Vde 8dc S Cye = { Vx C = Vap ezl

modulation: v, = %mvdc, I = %mTiaﬁJ passive: (ige, fload) — (Vde, vaﬂ)J

DC cap & AC filter equations:

. . 1 .
CacVde = —GdeVde + lde — EmT Iog

. 1
Ll'ag S —Rl'aﬁ P Emvdc =

CVop = —lload + iap

Vo

0
synchronous 0 =w
generator: Més = —Dus + 7 + Tt {— smé@)] |
mechanical cos(6) iy
+ stator flux el = (T — oy — 5l [ sm(9)}
+ AC cap cos(6)
— C"/ozﬂ = —ljoad + iaﬂ

Standard power electronics control would continue by

) f " @) O acquiring & processing
tracking control relerence syninesis of AC measurements
(cascaded Pls) -0 (virtual sync gen,

droop/inertia, etc.) )
- _J @ synthesis of references
A A (voltage/current/power)
(|0 d o ) @ track error signals at
> iy R AL g
= Y converter terminals
{' + + <] +
eyt _"4 - S G @ actuation via modulation
] ) ) (inner loop) and/or via
L y DC source (outer loop)
| guess you can see the problems building up ... J
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Challenges in power converter implementations

A

Contents lsts availabla at ScianceDirect

Electrical Power and Energy Systems

journal homepage: www.slsevier.com/locatelijepes.

Virtual synchronous generators: A survey and new perspectives
Hassan Bevra *, Toshifumi Ise®, Yushi Miura"

Real Time Simulation of a Power System with
VSG Hardware in the Loop

ber, IEEE, Kasper Zwetsloot
and Computer Science

© delays in measurement acquisition,
signal processing, & actuation

@ accuracy in AC measurements
(averaging over multiple cycles)

© constraints on currents,
voltages, power, etc.

@ certificates on stability,
robustness, & performance

entso@

Frequency Stability Evaluation
Criteria for the Synchronous Zone
of Continental Europe

— Requirements and impacting factors —
RG-CE System Protection & Dynamics Sub Group

However, as these sources are fully controllable, a regulation can be
added to the inverter to provide “synthetic inertia”. This can also be
seen as a short term frequency support. On the other hand, these
sources might be quite restricted with respect to the available
capacity and possible activation time. The inverters have a very low
overload capability compared to synchronous machines.

let's do something smarter . .. J

26 /38

See the similarities & the differences ?

ige ® Ve 8de S Cye =

modulation: v, = %mvdc, I = %mTiaﬁJ passive: (ige, foad) — (Vde, vaﬂ)J

lioad

DC cap & AC filter equations:

CacVde = — GdcVde ~+ lde — %mT/aﬁ
Ling = —Ring + %mvdc — Vagp
CVop = —lload + iap )

w

synchronous
generator:
mechanical
+ stator flux
+ AC cap

b—w

Mw = —Dw + 7, + /'(IBL,,,/} {

le'olﬁ = —Rl'ag — VaB — LdLmif |:

CVap = —lload + iap

cos(6)

S

. sin(e)}

’)7"{2




Model matching (# emulation) as inner control loop

g R L . .
- 1 DC cap & AC filter equations:
+ ’ + BTy . . 1 +.
CocVde = —GdcVde ~+ ide — Em—r’aﬁ
e ® Voc 8de S Coe == { Ve C = Vop load 1
B B . Liag = —Rl.aﬂ + Emvdc — Vap
C‘-/ozﬁ = _iload i iaB

. i . |=sin(9)] . .
matching control: 0 =n-v4. , m=m { cos(8) ] with n, M > 0

= matched machine with inertia M = C‘é‘f, droop/dissipation D = G—‘éc,
. K n
torque 7, = ’dﬁ, field current ir = nTm' & imbalance signal w =71 - vy

=- pros: uses physical storage, uses DC measurements, & remains passive

Further properties of machine matching control

Q stationary P vs. (|V|,w)
nose curves reveal
(P,w,|V|) droop slopes

Amplitude (V)

@ base for outer loops

Frequency (Hz)

= igc = PID(vqc) gives . - .
virtual inertia & damping 4 w ik 0 Lok % W

fioad

@ reformulation as virtual

& adaptive oscillator:

<

(we'll later find out that

this is a profound insight) times

D
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Summary: bottlenecks to inertia emulation
power system model on grid level: inertia emulation on device level:
d : racking cont rool refe_rence synthesi;
M- = Pyeneration — Paemand ookt «f e
| J
9, w Y Y
A (o o _ 1. )
S oS G S
b= y + + <Y+
g g . _|< " odor Qi
C 3 _ _
g Q
M L J

e I/O mismatch: none of the converter inputs or outputs are present in
the swing-equation, e.g., frequency is not a state in the converter

@ inertia emulation a la PD problematic both in theory & practice

0 1 :
m was quite clever ?

= maybe matching control m = 7 vy - [_1 0

30/38

Outline

network, disturbances, & performance metrics matter

maybe we should not think about frequency and inertia

restart from scratch for low-inertia systems




Low-inertia power system model from first principles

0/\‘”" i ir Rr L i
“«m T T N "
+ R Li 4, Y Te Lo v v cllé v c |G,
Vge ==Cyc ]Gdc .lj.IVY\_<T T Ts - T T
M
v r 3

I Il
- - vp+

» balanced three-phase system » voltage bus charge dynamics

o (a coordinates . . .
(e B) » dynamic transmission lines: l-model

» synchronous machines
e first principle

» DC/AC inverters

e averaged-switched

Port-Hamiltonian model

x = (J(x, u)—R(x)) VH(x)+g(x)u

» nonlinear loads G(||v||) nonlinear & large, but insightful
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Desired steady-state locus & control specifications

ide . 9/4 i i Ry Lt 4,
“-m Tm + + +
A
+ Rr L; @J)R Lo @ v clla 1_ c e,
vae =Cac[| G il 7y re - —T T
- + M
v Ty s
{ — - vp+ K
steady-state specifications for nonlinear system: y
@ synchronous frequency
@ constant amplitude
@ three-phase balanced Zap

AC quantities v, is, if, IT: DC quantities vy, vr,w: z=10

Zag = Wo - [(1) _01] Zog desired dynamics: x = fyes(x,wp)

. controls ig., m, 7, ir to be found
rotor angles: 6 = wyg

37738

Proving the obvious (?)

o steady-state locus: physics & desired closed-loop
vector field coincide (point-wise in time) on set

S = {(X, U,“O) : fphys(X7 U) = f;ies(xvuJO)}

Zap
@ control-invariance: steady-state operation

(x,u,wp) € S for all time if and only if

@ synchronous frequency wy is constant
@ at each generator: constant torque 7, & excitation ir

© at each inverter: constant DC current iy & inverter duty cycle with

. . -1
constant amplitude & synchronous frequency: m = wy - [1 0 ] m
@ network satisfies power flow equations with impedances R + wqJL

= explicit feedforward input-to-steady-state map
33/38

Reduction to a tractable model for synthesis

e internal oscillator model for inverter duty cycle with inputs wp,, M

- sin(t‘))}

O =wm, m=m [ cos(0)

@ model reduction steps

@ rotating coordinate frame with synchronous frequency wg

= time scales of AC quantities scaled by 1/wq

@ DC/AC time-scale separation via singular perturbation arguments
slow DC variables:  x, = (0,w, ir, 0}, Vdc), Xr = (X, Zo g, U)

fast AC variables:  z, 3 = (is, iy, v, iT), € 20,8 = fo,p(Xrs Za,p, U)
© reformulation via relative angles § with respect to synchronous motion

@ linearization around unique steady-state

34/38




Insights from reduced model: v4. o< power imbalance

e nonlinear reduced order model in rotating frame:

f=w
Mw = —Dw + Tm — Te(Xr, u)
Leie = —Ryis + ve — vEmE(Xr, U)
0 = wWm
CdcVde = — GdcVde + ide — lsw(Xr, U)

@ interconnection via Te, isw, VEMF

@ analogies & interpretation:

generator | inverter interpretation
%sz %Cdcvgc energy stored in device
Tm ide energy supply
Te Isw energy flow to grid
w Vde power imbalance
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MIMO converter/generator control architecture

e decentralized converter/generator controls

d——m—

x = Ax + Bu + Gd

uy

ug

Xi

. V,
lde | = KD KI,2 |:||5T|:|
m Kpss  Kavr

T | | Kp Kg1 w

vr | Kpss  Kavr] LIV

e states: x = (0, w, if, Vqc, ||v]|)

XG

@ included measurement devices for AC voltage magnitude ||v/||
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test case:
@ generator & inverter

@ impedance load

no inverter control:

@ wy, and iy constant

@ governor stabilizes wg

@ power imbalance: wg, vg4c

Some first results . ..to be continued

A

3 MW

12MwW 10 MW

inverter control inactive inverter control active

@ 10% load increase at t=0 0 0
g —0.01 3 —0.01
3 Generator| - Generator|

w [Hz]

~0.02 Inverter ~0.02

Inverter

0 5 10 15 ( 5 10 15

t [sec] t [sec]
10.5 10.5

vpe [kV]
L
© ot (=]
vpe [kV]
- o=

. 0 5 10 15 0 5 10 15
controlled inverter: ¢ [sec] ¢ [sec]
o reduced peak in wg = 12 = 12 V\’*
= =
@ v, stabilized via iy 2 s S s
. 0.6 0.6
@ Wm and %6 synchronlze 0 5 10 15 0 5 10 15
t [sec] t [sec] 37/38

conclusions




Conclusions on virtual inertia emulation

Where to do it?
@ #-optimal (non-convex) allocation
© numerical approach via gradient computation
© closed-form results for cost of primary control

How to do it?
@ down-sides of naive inertia emulation
© novel machine matching control

© reveals power imbalance visible in DC voltage

What else to do?
@ first-principle low-inertia system model
@ nonlinear steady-state control specifications
© reduction to tractable model for synthesis

Q first promising controllers . .. to be continued
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appendix

Low inertia issues have been broadly recognized

by TSOs, device manufacturers, academia, funding agencies, etc.

MIGRATE project: Massive InteGRAT ion of power Electronic devicesJ

“The question that has to be
examined is: how much power

electronics can the grid cope
with?"

current controls what else?




optimization of practically
relevant power system
engineering metrics

The practical engineering metrics for low-inertia systems

disturbance inputs: performance outputs:
@ step (loss of load/generation) @ overshoot (peak signals after fault)
@ impulse (line open-/closing) @ ROCOF (rateof change of frequency)

@ noise (renewables & loads) @ spectrum (damping ratio cones)

f restoration time

nominal frequency

re-evaluate scenario? z

secondary control

energy unbalance

@ not practical for
optimization &
control design

frequency nadir

\ ROCOF (max rate of change of frequency)

@ metrics & faults
justified only in a
system dominated
by machines

post-fault response in a low-inertia system?

nominal frequency

Gradient algorithms also scale up to large systems

low-inertia version of
Eastern-Australian grid

post-fault response with /without virtual inertia

l original system low inertia virtual Inertia l
0
£ —50+
£
«, —100 -
Disturbance at 307
—150 L L L 1 1
0 T T T T T
£
«, —100
Disturbance at 410
7150 L L L 1 1
0 T T T T T
£
«~ —100
Disturbance at 411
~150 L L |
0
& —50+
£
«~ —100
Disturbance at 508
—150 L . |

0 1 2 3 4 5
t[s]

accuracy of tractable
low-inertia system model




Full order nonlinear vs. reduced order linearized

@ two generators connected to an impedance load
@ 10% increase in 7,1 at t =0

Full order nonlinear
0.25 0.01

0.005
= 015 S ///
= 0

“y —0.005

0 L L L L ~0.01 L L L L
0 20 10 60 80 100 0 20 10 60 80 100

« [Hz]

10.4 0.1

0.05

— ~0.05
10.32 0.05
9

10.3 —0.1
0 20 40 60 80 100 0 20 10 60 80 100

i [kA]
i, [kA]

19.65 0.1

0.05

vl (V]

ejuy [kV]

—0.05

5 <<

I’)G‘ 0.1

inertia placement
In swing equations

20 40 r[hm'] 60 80 100 0 20 40 r[“‘] 60 80 100
Network swing equation model
mif; + dif; = Pini — Pe,i
X i Pgeneration + 77
generator swing equations —
w
Pe,i = X jen bij(6i = 6))
linearized power flows
-~
Pdemand

likelihood of disturbance at #i: t; > 0

state space representation:

)= Lot atao] [2] L]

/

-~

A B

where M, D, & T are diagonal & L = LT (Laplacian)

Algebraic characterization of the 5 norm

Lemma: H, norm via observability Gramian
|G||3 = Trace(BT PB)
where P is the observability Gramian P = fOOOeATthAt dt
» P solves a Lyapunov equation: PA+ATP+ Q=0

» A has a zero eigenvalue — restricts choice of Q

Q% 0 0 1/2
y:[ 0 Q§/2] [w] =t

» P is unique for P[10] = [00]




Problem formulation

migimize Trace(BTPB) — performance metric
s Mj
subject to PA+ATP+Q=0 — Lyapunov equation
P[10] =[00] — uniqueness
Z_ mj < Mpgg — budget constraint
1
m; < m; <myj, —» capacity constraint

@ m appears as m~! in system matrices A, B
large-scale &
@ product of B(m) & P in the objective = '8
non-convex

© product of A(m) & P in the constraint

where would you place the inertia?

uniform, max capacity, near disturbance?

the more inertia the better?

Building the intuition: results for two-area networks

Fundamental learnings
O explicit closed-form solution is rational function
@ sufficiently uniform t;/d; — strongly convex & fairly flat cost

© non trivial in the presence of capacity constraints

Dissimilar and t/d ratios ; , Inertial,

n
&

N
S

o

>

Optimal inertia allocation

N )

0 2 4 6 8 10 0

m,

f(m,)
o - n w £ (4] (<]
-

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t,=11,

performance metric optimal inertia allocation

Closed-form results for cost of primary control

w
P /6 primary droop control
(Wm —w*) o (P" = Pi(0)) o
-3 .
D:6; = Pj* — P;(6)

Primary control effort — accounted for by integral quadratic cost
0 . -
/ 0(6)TD é(t) dt J
0

which is the H, performance for the penalties 011/2 =0and Q21/2 =D

v




Primary control ... cont'd

Theorem: the primary control effort optimization reads equivalently as
. not
minimize —
m;j Zle mj

n
Zi—l mj < Mpdg

mp<m <m;, i€{l,...,n}

subject to

Key take-away is disturbance matching:
» optimal allocation o< /t; or m; = min{myqg, mM;}

» optimal allocation independent of network topology

Location & strength of disturbance are crucial solution ingredients

J

Robust inertia allocation

empirical disturbance distributions available but we want to prepare for “rare events”

o .. 1/2\7 1/2
minimize maximize Trace(B(t;"") PB(t;’")) — robust performance

P, m;

subject to TeT — disturbance family
. n . .
t>0Vi & Zi:l t; = 1 — normalization

inertia budget, capacities, & Lyapunov equation

Key insights:
> inner maximization problem is linear in T
= min-max can be converted to minimization by duality

» valley filling solution for primary control metric:

t*/m* = const. (up to constraints)

numerical method for

the general case

Taylor & power series expansions

Key idea: scalar series expansion at m; in direction p;:
1 1 Ou;

2
m,-+5,u,-:m,- m?+(’)(6)}

= expand system matrices via Taylor series in direction u:

A(m+ou) = AL+ AL 6+0(6%)  B(m+dpu)=...

= expand observability Gramian via power series in direction p:
_ pl0) (1) 2
P(m+dp) = 'D(m,u) + P(nw)& + O(67)
Magic happens: the Lyapunov equation decouples

0 =4° (P(O)A(O) + AOTpO) 4 Q) +

oL (,D(l) A©) 4 AT p(1) 4 <p(0) AL 4 AT ,D(O))) +O(82)




Explicit gradient computation

@ nominal Lyapunov equation for O(5°):
PO = Lyap(A® Q)
@ perturbed Lyapunov equation for O(6!) terms:
PO = Lyap(A©  POAD 1 AMp(0))
© expand objective at m in direction p:
Trace(B(m) P(m)B(m)) = Trace((...) + d(...)) + O(5?)

O gradient: Trace(2 x BT PO BO) 4 gO)T p(1) g(0))

= use favorite method for reduced optimization problem

with explicit gradient & without Lyapunov constraint

results for a
three-area case study

Modified Kundur case study: 3 areas & 12 buses

transformer reactance 0.15 p.u., line impedance (0.0001+0.001i) p.u./km

_ 1117
uniform deviation from sync as performance metric: Q = {I" a1l / ]
n

Heuristics outperformed by 7, - optimal allocation

Original, , and Capacity allocations Cost
Scenario: disturbance at #4
0.2
120+

> locally optimal solution ors
outperforms heuristic o
max/uniform allocation wf | | .
: : I{ ol IH IH | I( I{ i,

» optimal allocation =~ T s e Te 90w

node

matches disturbance allocation subject to capacity constraints

> inertia emulation at all Original, , and Uniform allocationos25 Cost
undisturbed nodes is o0 0‘2
actually detrimental 120 .
= location of disturbance & ” ] e
inertia emulation matters 0 I I I I I I I I 1005
bl s

node

allocation subject to the budget constraint




Eye candy: time-domain plots of post fault behavior

Original, , and Uniform allocations
Angle Diff. Freq #4 Freq #5 Control Effort
0.05 0.15 5 * 2
0.04 15
.
0.03 0.1 1
0.02 31
\ 05
0.01 0.05
” ' 2 0 [AVUSEEEs
o Tl
1 -05
0.01 0 P Y N
-1
002 ol ‘-"2;’
| ‘thl v
0.03 -0.05 \ s
e |
-0.04 2
0.05 -0.1 2 25
50 100 150 o 50 150 0 0 1 150 50 100 150
Time(s) Time(s) Time(s) Time(s)

Take-home messages:

best oscillation
performance

smallest peak
frequency at #4

undisturbed sites
are irrelevant

minimal control

effort m; - 6;

Robust min-max allocation

Original,

, and Capacity allocations

Cost

Scenario: fault (impulse) can
occur at any single node

100

» disturbance set
TET:{91U~-~U912}

Ll

Il

0.05|

= min / max over convex hull

» robust inertia allocation

6 10 12

od

, and Uniform allocations

allocation subject to capacity constraints

Cost

outperforms heuristics Original,
> results become more "
intuitive: the more
inertia (capacity & .
budget) the better & )

valley-filling property

05

1 2 4 5 6 8 9 10 2
node

allocation subject to the budget constraint
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