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Abstract
We consider the problem of automatically identifying the topology of a power distribution
network, based on data measurements collected on the grid. Possible applications include the
detection of changes in the operational topology, the deployment and tuning of plug-and-play
volt-VAR regulators, and the implementation of active management strategies for congestion relief.
We first show, by using a first-order model of the grid, that voltage measurements exhibit
some specific correlation properties, that can be described via a sparse Markov random field. By
specializing the tools available for the identification of graphical models, we propose a centralized
algorithm for the reconstruction of the grid topology.
We then show how it is possible to formulate the grid topology identification task as a series
of distributed statistical tests that agents need to perform on their measurements. As the number
of collected samples increases, agents can answer the test with increasing confidence, select the
correct hypothesis (e.g. a switch being open or close), and ultimately infer the grid topology. The
computational complexity of each of these tests is independent from the grid size.
The effectiveness of both the centralized and the distributed approach are tested in simulations,
based on household power demand measurements from a real distribution feeder.
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Introduction

Power distribution networks, compared to transmission systems, have been historically planned
and designed according to a fit-and-forget approach. During operation, these grids remain mostly
unmonitored, with minimal sensing and actuation, and often no communication infrastructure
available to collect measurements or dispatch real time commands.
Different challenges are now emerging in the power distribution network, and are motivating
a much deeper integration of information, communication, and control technology in this realm.
One example is the large-scale penetration of microgenerators from fluctuating energy sources.
Distributed power generation, especially inside the highly resistive, radial, low voltage networks,
can cause local overvoltage and power line congestions issues [1]. Another example is the connection
of dispatchable loads to the power distribution network, e.g. plugin electric vehicles and smart
buildings. Today’s power distribution grid will face major congestion issues if proper scheduling
and coordination protocols will not be enforced to these consumers [2, 3].
In the last few years, international research projects have been funded in order to develop and
engineer solutions to these challenges, while maintaining grid efficiency and reliability [4, 5, 6, 7].
Many of these solutions require that the topology of the power distribution grid is known, which is
not always true. In many cases, the deployment of intelligence in the power distribution grid will
consist of retro-fitting an existing infrastructure via the installation of new devices. A plug-and-play
approach is often considered and may constitute in some cases the only viable solution. According
to this approach, the devices must identify the physical system in which they operate, starting
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from the topology of the grid, and reconfigure the communication and control infrastructure in
order to being able to perform the assigned tasks. Even after deployment, the topology of the grid
may be subject to changes, via the operation of dedicated switches to achieve higher efficiency or
better quality of the service. Such changes of topology need to be detected by the controllers in
the grid, which in turn need to be promptly reconfigured.
In this chapter, we consider the problem of identifying the grid topology from field measurements that can be performed in the grid, and in particular from voltage magnitude measurements
at the buses. The approach proposed in this paper is closely related to the methods for the identification of Markov random fields (graphical models) [8], and is based on some conditional correlation
properties that characterize voltage measurements in a radial grid. These properties are reported
in Section 3, where they are also used to derive a centralized topology identification algorithm. In
Section 4, we show how the same reasoning can be used to design distributed tests that involve
only three nodes, and return elementary bits of information regarding the topology of the grid.
These tests require minimal sensing and computational resources, and return a reliable response
after an extremely limited number of measurement samples. Both the correlation analysis and the
distributed identification algorithms are tested in Section 5 on power measurements data obtained
from a real distribution network.

Related works
The literature on grid topology identification is mostly divided into two areas: works that consider
the problem of determining the position of a limited number of grid switches, and therefore test a
limited number of hypotheses, and works that aim at identifying the entire topology of a feeder.
We review these two areas separately in the next two paragraphs.
The idea of using field measurements to detection of unmonitored switching of circuit breakers
in the reconfiguration of the power distribution grid has been presented for example in [9], where the
task has been formulated as a classification problem. More recently, correlation analysis methods
have been proposed to verify whether the topology available in a geographic information system
is correct [10], tackling the problem as a hypothesis testing problem. An algorithm for real time
detection of topology changes, based on PMU measurements and on the identification of patterns
in the time series following a switching event, has been proposed in [11]. The Markov-random-field
nature of voltage phasor measurements have been recognized in [12], and used as a test for fault
detection.
Algorithm like the one proposed in [13], on the other hand, aim at reconstructing the entire
topology, without assuming any specific library of possible configurations. The mathematical
analysis presented in this chapter is adopted (and extended) from there. More recently, the same
idea of constructing a minimum-cost spanning tree for the identification of the power distribution
network, which is closely related to the Chow-Liu algorithm for graphical models, have been used
in [14] on the mutual information matrix, yielding better performance but still requiring very
large number of samples. Topology learning tools based on the trends in second order moments
of voltage measurements have been proposed in [15, 16]. Interestingly, the same authors also
considered the case in which some measurements are missing, a challenging problem in graphical
learning [17]. In [18], the bus connectivity and topology estimation problems are formulated as a
linear regression problem with least absolute shrinkage on grouped variables (Group Lasso).
In all these works synthetic data are used rather than real measurements. A notable exception is
[19], where however linear voltage sensitivity coefficients are computed, without enforcing sparsity
or tree structure.

2

Power distribution grid model

We model a power distribution grid as a radial graph G, in which edges represent the power lines,
and nodes V = {0, . . . , n} represent the buses of the grid (including the substation, indexed as 0).
We limit the study to a grid-connected distribution feeder, and we therefore assume that the
voltage at node 0 is constant (i.e., it does not depend on the power demands in the feeder), and
that all other nodes h ∈ L := {1, . . . , n} can be modeled as PQ buses (i.e., with an active and
reactive power demand that does not depend on the bus voltage).
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In this framework, the steady state of the grid is described by the following nodal quantities,
for each node h ∈ V:
• complex voltage uh = vh ejθh
• complex power injection sh = ph + jqh
• complex current injection ih
Based on this notation, we write the nonlinear power flow equations of the grid as n + 1 complexvalued equations of the form
vh ejθh

X

ȳhk vk e−jθk = ph + jqh ,

∀h ∈ V,

(1)

k∈V

where
P ȳhk is the complex conjugate of the admittance of the line connecting h to k, and yhh =
− k6=h yhk (assuming negligible shunt admittances at the buses).
For the subsequent analysis, it is convenient to introduce the following vectorial notation.
We denote by v, s, p, q the vectors of dimension n, obtained by stacking the scalar quantities
vh , sh , ph , qh , respectively, for all h ∈ L. Similarly, we partition the bus admittance matrix Y ,
whose elements are the scalars yhk , as


Y =

Y00
YL0

Y0L
YLL



where YLL has dimensions n × n.
For the subsequent analysis, we consider the linearization of the nonlinear power flow equations
(1) around the flat voltage profile (vh = v0 , ∀h ∈ V), corresponding to the Linear Coupled power
flow model. We refer to [20, Section V] for the derivation of the model, and to [21] for a geometric
interpretation of this linearization. Based on this approximation, voltage magnitudes at the buses
in L can be expressed as
1
v ≈ 1v0 +
Re(Z s̄)
(2)
v0
−1
where the bus impedance matrix Z ∈ Cn×n is defined as Z = YLL
.
We recall that the elements of the bus impedance matrix have the following well known interpretation in the case of radial networks.

Definition (Shortest electric path). Given two buses h, k ∈ V, we define the electric path Phk as
the smallest connected subset of nodes of V such that h, k ∈ Phk .
Lemma 1. Let h, k be two buses in V, and let P0h and P0k be the shortest electric paths that
connect them to node 0. Then Zhk is the sum of the impedances of the edges connecting the nodes
in the intersection P0h ∩ P0k .
Without loss of generality, in the following, we assume v0 = 1. We also consider the approximation error in (2) negligible, and therefore adopt the grid model
v = 1 + Rp + Xq,

(3)

where R = Re(Z) and X = Im(Z) are the reduced bus resistance and reactance matrices, respectively.
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Voltage correlation analysis

In this section, we review and extend the voltage correlation analysis proposed for the first time in
[13], as it lays the groundwork for the derivation of the proposed distributed identification strategy.
Based on (3), the covariance matrix of the bus voltages can be directly expressed as
cov(v) = E (v − E v) (v − E v)T
= E (R(p − E p) + X(q − E q)) (R(p − E p) + X(q − E q))T
= RΣpp R + XΣqp R + RΣpq X + XΣqq X
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(4)

where



Σpp
Σqp

Σpq
Σqq



is the positive definite covariance matrix of the bus power injection vector [pT q T ]T .
The covariance matrix (4) clearly contains information regarding the topology of the grid,
which is encoded in the matrices R and X. For this information to be reconstructable, we need
the following assumption.
Assumption 1 (Uncorrelated power demands). Active and reactive power injections at different
buses are mutually uncorrelated. Therefore Σpp , Σpq , Σqp , and Σqq are all diagonal matrices.
Assumption 1 is a critical step in the derivation of correlation-based topology identification
methods, and has been adopted throughout the literature reviewed in the Introduction. In Section 5 we verify whether this assumption holds on the power measurements from a real distribution
feeder, and we discuss how it depends on the time scale under consideration.
We then introduce two other assumptions that will be later employed in the analysis.
Assumption 2 (Uniform X/R ratio). All power lines in the distribution grid have the same
inductance/resistance ratio, i.e.
yhk = ejθ |yhk |,

∀h, k ∈ V,

where θ is fixed across the network.
Assumption 2 is satisfied when the grid is relatively homogeneous, and is reasonable in most
practical cases, including the IEEE test feeder considered in the numerical experiments of Section 5.
Assumption 3 (Uniform power factor). All loads in the distribution feeder have the same power
factor, i.e.
qh = κph ,
∀h ∈ L,
where κ is fixed across the network.
Notice that Assumption 3 is trivially verified if the loads are perfectly compensated, in which
case κ = 0 and thus qh = 0 for all h ∈ L.
We can therefore state the following result, which shows how it is possible to compute the
voltage covariance matrix a completely equivalent purely resistive grid.
Lemma 2 (Equivalent resistive grid). Let Assumption 1 hold, together with either Assumption 2
or Assumption 3. Then there exists a purely resistive network, with the same topology of G, bus
conductance matrix G, and uncorrelated active power injections with covariance matrix Σ, which
yields the same voltage covariance matrix cov(v) as the original grid.
Moreover, the voltage covariance matrix can be explicitly expressed as
cov(v) = M ΣM
where M =

G−1
LL .

Proof. Let us first consider the case in which Assumption
2 holds. Then Y = ejθ Y 0 , where


−1
−1
−1
0
(n+1)×(n+1)
0
Y ∈ R
. It follows that R = Re YLL = cos θ (YLL
)
and X = Im YLL
=
−1
0
− sin θ (YLL
) . Therefore X = − tan θR, and expression (4) can be rewritten as
cov(v) = R Σpp − 2 tan θΣqp + tan2 θΣqq R.



The statement of the lemma is therefore verified by defining the positive definite matrix
Σ = Σpp − 2 tan θΣqp + tan2 θΣqq = I



− tan θI


 Σpp
Σqp

Σpq
Σqq



I
− tan θI



and by considering the graph Laplacian G = Re(Y ).
Let us now consider the case in which Assumption 3 holds. Then Σpq = Σqp = κΣpp and
Σqq = κ2 Σpp . Expression (4) can be manipulated to obtain
cov(v) = (R + κX)Σpp (R + κX).
The statement of the lemma is therefore verified by taking Σ = Σpp (which is positive definite) and
by considering the graph Laplacian G obtained by weighting each edge hk as Re(yhk ) − κ Im(yhk ),
where yhk is the admittance of the corresponding power line.
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Lemma 2 is instrumental to prove the following result, which shows how the inverse of the
covariance matrix cov(v) is sparse and has a specific sign pattern.
Theorem 1. Let Assumption 1 hold, together with either Assumption 2 or Assumption 3. Let
K = cov(v)−1 . Then for any pair h, k in L we have that

Khk


> 0 if h = k



if h ∼ k

<0


> 0 if ∃` ∈ L such that h ∼ ` and ` ∼ k


0

otherwise,

where the ∼ sign indicates neighbors in the electric topology (i.e., there exists an edge of the graph
connecting them).
Proof. Based on Lemma 2, the matrix K can be explicitly expressed as
K = cov(v)−1 = (M ΣM )−1 = GLL Σ−1 GLL
for some positively-weighted Laplacian L and some positive definite diagonal matrix Σ−1 . We
introduce the notation


0
0
Σ† =
∈ R(n+1)×(n+1) .
0 Σ−1
By defining N (h) as the set of neighbors of node h, and by using the fact that G is a positivelyweighted Laplacian and therefore

Ghk


> 0 if h = k


if h ∼ k
otherwise,

<0
0

we have that




X

1Th GΣ† G1k = Ghh 1Th +





Ghh0 1h0  Σ† 1k Gkk +

h0 ∈N (h)

X

1k0 Gk0 k  .

k0 ∈N (k)

Now, using the fact that
1Tv Σ† 1w


=

(Σvv )−1 > 0
0

if v = w 6= 0
otherwise,

we have that, in L,
• for all h,
Khh = 1Th GΣ† G1h = Ghh (Σhh )−1 Ghh +

X

Gh` (Σ`` )−1 G`h > 0;

`∈N (h)

• if h ∼ k then
Khk = 1Th GΣ† G1k = Ghh (Σhh )−1 Ghk + Ghk (Σkk )−1 Gkk < 0;
• if h 6= k and ∃` such that ` ∼ h and ` ∼ k, then
Khk = 1Th GΣ† G1k = Gh` (Σ`` )−1 G`k > 0;
• Khk = 1Th GΣ† G1k = 0 otherwise.
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Remark. The matrix K is known as concentration matrix, and has an interesting and well known
interpretation in terms of conditional correlation. In particular, Khk = 0 if and only if vh and vk
are conditionally uncorrelated given all other voltages v` , ` 6= h, k. According to Theorem 1, the
2
sparsity pattern of K is the same of YLL
. In the terminology of Markov random fields [8], this
means that the corresponding graphical model is an undirected graph in which nodes are connected
by an edge (and therefore are conditionally correlated) if they are 1-hop or 2-hop neighbors in the
graph describing the power distribution grid topology.
Theorem 1 also shows that the strictly negative elements of K have the sparsity pattern of YLL
and can therefore be directly used to reconstruct the electrical topology of the grid.
Based on these observations, we propose the following steps for the identification of the grid
topology, given a sequence of T voltage measurements at all buses of the grid, v (t) , t = 1, . . . , T .
1. Compute the sample covariance matrix Σ̂ = cov(v (t) , t = 1, . . . , T ).
2. Compute the sample concentration matrix K̂ as Σ̂−1 .
3. Consider the complete graph C defined on the nodes L, with edge weights corresponding to
the elements of K̂. Compute the minimum spanning tree on C, i.e. the subgraph of C that is
a tree, connects all the nodes, and whose total edge cost is less or equal to any other spanning
tree.
Notice that the minimum spanning tree can be computed in polynomial time by greedy algorithms like the Prim’s algorithm [22].
The proposed algorithm resembles, in some sense, the well known Chow-Liu algorithm [23] for
graphical model identification, in which however the choice of the best spanning tree is motivated
by the search for the closest approximation of the actual distribution in an information-theoretic
sense. In our scenario, on the other hand, we know in advance that there exists a tree which is the
root (in the graph-theory sense) of the graph that describes the actual distribution (i.e. the actual
graph connects nodes that can be reached in 1 or 2 hops in such tree), and we make explicit use of
this additional information. Because of this a priori knowledge, we also don’t need the tools that
have been developed for model selection [24] (i.e., to tune the sparsity of the estimated graph).
In Section 5 we illustrate the voltage correlation analysis presented in this section, by considering a dataset of real power demand measurements and by implementing the proposed identification
algorithm. We show how this algorithm typically requires a large number of samples, and how its
performance deteriorates when the assumptions are not verified.

4

A distributed topology test

As reviewed in the Introduction, different approaches based on similar statistical analysis of voltage measurements have been proposed, improving the topology detection rate and in some cases
reducing the number of samples needed [15, 16, 14]. These works, however, consider the same
centralized scenario introduced in Section 3. Voltages at all nodes are supposed to be measured
(with the possible exception of few nodes, as suggested in [17]), making the implementation of
these schemes impractical in poorly monitored networks.
In this section, the same correlation-based approach will be employed to derive a set of distributed topology tests, where small clusters of three buses will have to communicate and share
their voltage measurements in order to provide elementary bits of information regarding the topology of the grid. This approach better suits the typical needs of distribution network operators: it
requires a minimal amount of sensing (three bus voltage sensors) and it allows to discern simple
(but relevant) hypotheses on the grid topology, such as
• whether a switch is open or closed
• which of the three sensor lies closest to the substation, in an electrical sense
• what is the relative position of a newly connected sensor with respect to other sensors.
In order to present the details of this approach, we introduce the following definitions, which
are also illustrated in Figure 1 and apply only to radial graphs.
Definition (Triad). A set of three buses T ⊂ L is a triad, if one of the three buses belongs to the
shortest electric path that connects the other two.
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Figure 1: Schematic representation of the definitions introduces in Section 4. a) The subset of buses
T = {h, k, `} is a triad because k belongs to the shortest electric path Ph` (the thick dashed path).
The subset {h, k 0 , `} is not a triad. b) The minimal interleaved graph that connects the triad T .
Definition (Minimal interleaved graph). A graph is a minimal interleaved graph connecting a
triad T if it is obtained by interleaving T with another triad T 0 = {0, v, w}, as shown in Figure 1.
Definition (Node depth). Given a bus h ∈ V, and a weighted Laplacian G, we define the node
depth xh as the sum of the weights of the edges that connect the nodes in the shortest electric
path P0h .
Based on these definitions, we can state the following result, which shows that the voltage
covariance at the buses of a triad is identical to the voltage covariance of a triad in a much smaller
purely resistive grid, with properly chosen line parameters and active power injection covariance.
Lemma 3 (Minimal equivalent resistive grid). Let Assumption 1 hold, together with either Assumption 2 or Assumption 3. Consider a triad T = {h, k, `}. Then there exists a minimal equivalent resistive grid, whose graph is a minimal interleaved graph connecting T , with conductance
matrix G̃ and diagonal power covariance Σ̃, which yields the same covariance cov(vT ) of the voltages at the nodes h, k, `.
Proof. The proof is constructive, and follows these steps, which are also depicted in Figure 2.
• Based on Lemma 2, we consider the equivalent resistive grid with positively-weighted Laplacian G and power covariance Σ (step a).
• Without loss of generality, we lump all the power demands in each lateral (i.e., branches that
do not belong to the path P0` ) to the node where the lateral connects (step b).
• We denote by L1 , L2 , and L3 , the three subsets of nodes indicated in step b.
• We consider the minimal interleaved graph in step c, with positively weighted Laplacian G̃
such that nodes h, k, ` have the same depths xh , xk , x` as in the original graph with Laplacian
G, while nodes v and w have depths

P
xi σi (xi − xh )
i∈L
xv = P 2
σ (xi − xh )
i∈L2 i
P
x
i σi (xi − xk )
i∈L
xw = P 3
i∈L3

σi (xi − xk )

where σi is the diagonal element of Σ corresponding to node i.
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h
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a)

0
b)

L1
x1

L2

h
xh

0

L3

k

x2

x`

h

x3

`
xk

k

`

c)
xh

xv

x`

xw

xk

Figure 2: Schematic representation of the steps of the constructive proof of Lemma 3.
• We construct the diagonal power covariance matrix Σ̃ with diagonal elements

P
σ̃v =
σ̃w =

i∈L2

σi (xi − xh )

xv − xh
P
σ (xi − xk )
i∈L3 i

σ̃h = σh +
σ̃k = σk +

xw − xk
P
x2 σ
i∈L1 i i
x2h

X

+

X

σi − σ̃v

i∈L2

σi − σ̃w

i∈L3

σ̃` = σ` .
The voltage covariance matrix for the minimal equivalent resistive grid can be computed as M̃ Σ̃M̃ .
Using the fact that, for line graphs, Mij = min{xi , xk } (which follows directly from Lemma 1),
via lengthy but otherwise standard computations, it is possible to show that the covariance of the
triad voltages vT is the same in the original equivalent resistive grid and in the minimal equivalent
resistive grid. Via Lemma 2, the same covariance matrix is also equal to the voltage covariance
cov(vT ) in the original grid.
The purpose of the equivalence introduced by Lemma 3 is to allow a much simpler study of
the voltage covariance matrix cov(vT ). In fact, for a minimal interleaved graph, it is possible to
explicitly write cov(vT ) as a function of the parameters G̃ and Σ̃. This fact is used to obtain the
following result.
Theorem 2. Let Assumption 1 hold, together with either Assumption 2 or Assumption 3.
Consider a triad T = {h, k, `}, in which k ∈ Ph` , and let cov(vT ) be the covariance of the
voltages at the buses h, k, `. Then the matrix K = [cov(vT )]−1 has sign pattern
+1
sign(K) = −1
+1

"

−1
+1
−1

+1
−1 .
+1

#

Proof. We first construct, via Lemma 2, an equivalent resistive network. Then, via Lemma 3,
we consider a minimal equivalent resistive network which is guaranteed to yield the same voltage
covariance matrix at the nodes of the triad.
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The voltage covariance matrix cov(vT ) can be then obtained by selecting the rows and columns
of the full voltage covariance matrix cov(v) = M̃ Σ̃M̃ . Using Lemma 1, we can write





σ̃h



cov(vT ) = N 


σ̃v


 T
N


σ̃k
σ̃w

x̃h
N = x̃h
x̃h

"

where

x̃h
x̃v
x̃v

x̃h
x̃k
x̃k

x̃h
x̃k
x̃w

x̃h
x̃h
x̃`

#

σ̃`
As the determinant of K is positive, the sign pattern of K is the same sign pattern of
adjoint(cov(vT )). The matrix adjoint(cov(vT )) can be evaluated via standard symbolic math
software. It is convenient to operate a change of variable, introducing the positive depth differences δh0 = x̃h , δvh = x̃v − x̃h , δkv = x̃k − x̃v , δwk = x̃w − x̃k , and δ`w = x̃` − x̃w . The elements
of adjoint(cov(vT )) are fourth-order polynomials in these quantities. For example, we have that
[adjoint(cov(vT ))]`` =
2 2
2
2 2
σ̃h (σ̃k + σ̃` + σ̃v + σ̃w )δh0
δvh + 2σ̃h (σ̃k + σ̃` + σ̃w )δh0
δvh δkv + (σ̃h + σ̃v )(σ̃k + σ̃` + σ̃w )δh0
δkv

We do not report here for space reasons. The sign of all the elements of adjoint(cov(vT )) is then
apparent by inspection, and the matrix K exhibits the sign pattern
+1
sign(K) = −1
+1

"

−1
+1
−1

+1
−1 .
+1

#

Based on Theorem 2, we can then propose the following steps as a distributed hypothesis
(t)
test. Given a triad T , and a sequence of T voltage measurements at the three buses in T , vT ,
t = 1, . . . , T , this test determines which node of the triad belongs to the shortest electric path that
connects the other two nodes (in other words, the “order” of the nodes in the triad). It consists
of the following steps.
(t)

1. Compute the 3 × 3 sample covariance matrix Σ̂T = cov(vT , t = 1, . . . , T ).
2. Compute the 3 × 3 sample concentration matrix K̂ as Σ̂−1
T .
3. Consider the complete graph C defined on the nodes T , with edge weights corresponding
to the elements of K̂. Compute the minimum spanning tree on C, i.e. the line subgraph
of C that connects the three nodes, and whose total edge cost is less or equal to any other
spanning tree.
The advantage of this approach is that the test has to identify the most likely topology among
only three possible topologies of the triad, resulting in a much smaller search space. For example,
in the scenario represented in Figure 3, a distribution grid operator may be interested in knowing
whether switch S1 or S2 is closed. By selecting the triad {h, k, `}, this binary question is cast into
the form of a hypothesis test on the relative topology of the nodes in the triad: if k ∈ Ph` , then S1
must be open while S2 must be closed; on the other hand, if h ∈ Pk` , then S2 must be open, and
S1 must be closed. We show in Section 5 that very few samples are needed in order to identify the
correct hypothesis in similar configurations.

5

Numerical experiments

In this section, we use a dataset of power demand measurements from a real power distribution
grid to validate both the correlation analysis presented in Section 3 and the distributed algorithm
proposed in Section 4.
The dataset is provided as part of the DiSC simulation framework [25], and has been obtained
as anonymized data from the Danish DSO NRGi. It represents the power consumption of about
1200 individual households from the area around the Danish city Horsens. Each profile has a
temporal resolution of 15 minutes, and spans more than a year. In order to recreate the sub-15
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h
0

S1

`
k

S2

Figure 3: An example of how the problem of determining the position of a pair of grid switches can
be cast into the problem of determining the relative position of the nodes of a triad {h, k, `}.

Figure 4: Example of demand profiles for four buses of the test case. Each bus demand is obtained as
the aggregation of multiple real data measurements from individual buildings.
minute variability of loads, we superimposed power demand fluctuations obtained via a simple
generative model similar to the one proposed in [26].
As a test feeder, we adopted the test feeder proposed in [20], available as an online repository
[27], and consisting in the three-phase backbone of the standard IEEE 123 distribution test feeder
[28]. At each bus of the feeder, we considered an aggregation of power demand profiles proportional
to the nominal power demand of the bus. Some examples of power profiles are plotted in Figure 4.
The entire analysis presented in this chapter, and similar approaches proposed in the literature, require that Assumption 1 is verified, i.e., that power demands at the different buses are
uncorrelated. Figure 5 shows the covariance matrix computed on the bus active power injections,
and shows how correlation is in fact present. This fact was also observed in [25], and is mostly
due to the fact that different households follow similar hourly patterns, and are exposed to the
same weather conditions. On the other hand, the right panel of Figure 5 shows that the mutual
correlation vanishes at high frequencies (shorter time scales). Once measurement are pre-processed
through a high-pass filter, it is therefore reasonable to assume uncorrelation. This recommendation is clearly valid not only for the approach proposed in this chapter, but for the other similar
approaches reviewed in the literature as well.
In Figure 6, we compute the concentration matrix K in order to verify the sparsity pattern
predicted in Theorem 1, and thus apply the centralized identification algorithm proposed in Section 3. The left panel shows how the concentration matrix presents many spurious elements, due to
nonlinearity, non-uniform X/R ratio of the lines, non-uniform P/Q ratio, and correlation between
power demands. Further numerical experiments confirmed that this latter cause is predominant.
The right panel, obtained by performing the same analysis, on the same test grid, but with synthetic uncorrelated power demands, show that the sign patter predicted in Theorem 1 emerges
correctly in this case.
Interestingly, the identification algorithm proposed in Section 3, based on the construction of
a minimum spanning tree, is quite robust also in the presence of spurious elements in the sample
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Figure 5: Sample covariance matrix obtained from a 12-hour dataset of real data. The left panel represents the covariance matrix obtained from the raw data, and exhibits relevant inter-bus correlation.
The right panel show the covariance matrix obtained after a high pass filter has been applied (stop
1
1
, pass band frequency 0.8min
). Above this cut-out frequency, power demands are
band frequency: 8min
practically uncorrelated.
concentration matrix. Figure 7 shows the result of a typical execution of the algorithm (which in
general depends on the specific samples that are measured). The grid topology is reconstructed
almost correctly, with the exception of two edges, highlighted in the right panel.
Finally, we consider the distributed statistical hypothesis testing proposed in Section 4. We
consider the triad T = {6, 7, 10}. Figure 8 shows the concentration matrices K, computed for
increasing number of samples and different sets of measurements. On the matrices, we overlay
(as black dots) the result of the identification algorithm proposed in Section 4. With as few as
30 samples, the sign pattern predicted by Theorem 2 emerges correctly, and allows the correct
reconstruction of the relative position of the three nodes. As the number of samples increases, the
concentration matrices become identical.
To illustrate the performance of this distributed approach, in Figure 9 we considered six different triads, and for each one of them we plotted the error rate in the reconstruction of the relative
position of the three nodes, for increasing number of samples. For some triads, the error rate
decreases extremely fast, and very few samples are needed in order to successfully identify the
topology of the triad. In few other cases, slightly more samples are needed.
A natural question, which we have not addressed in this chapter, is about the optimal placement
of the sensors (i.e., selection of the triad) in order to maximize the efficiency of the algorithm in
selecting the right hypotheses between those available (for example, which bus voltage to measure
in order to determine the position of the switches in Figure 3).

6

Conclusions

In this chapter we presented an analysis of the correlation of voltage magnitude measurements
in a radial distribution feeder, showing how, under some Assumptions, such correlation encodes
information about the topology of the grid.
An immediate application of this result consists in a centralized algorithm for the identification of the topology of the grid. The applicability of this algorithm, and of many other similar
algorithms in the literature, is limited by the fact that all voltage buses need to be measured, and
many samples are required in order to converge to the correct topology.
In most cases, the identification of the full topology is not even needed. Most topology identification problems can be cast in the form of an hypothesis test: which network switch is closed,
which node is closer to the substation, etc. In order to address this need, a distributed statistical
test has been proposed. Based on the voltage measurements of a set of only three nodes, it is
possible to conclude, after very few samples, on the relative position and interconnection of these
nodes. The resulting algorithm is very robust with respect to weakly correlated power demands,

11

Concentration matrix

10
1

11

Concentration matrix (uncorrelated demands)

0.8

10

10
1

11

0.8

10

0.6

0.6

0.4

0.4

20

20
0.2

0.2

0

0

30

30
-0.2

-0.2

-0.4

40

-0.4

40

-0.6

50

-0.6

50

-0.8

-0.8

-1

10

20

30

40

-1

50

10

20

30

40

50

Figure 6: The left panel represents the sample concentration matrix obtained from the real data
measurements. The concentration matrix should exhibit the same sparsity pattern of the squared
Laplacian. Spurious elements are mainly caused by the correlation between power demands, as shown
in the right panel, where the same matrix is computed based on synthetic uncorrelated power demands,
and the sparsity patter is practically exact.
and extremely lightweight to implement.
The optimal placement of these triads of sensors, given a specific topology hypothesis to test,
is an open problem with relevant practical implications.
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Figure 7: Typical results of the application of the approach presented in Section 3 to the modified
IEEE 123 test case, with real power measurement data. The left panel shows how the true Laplacian
(×) is correctly identified (+) except for two mis-identified edges (highlighted also in the map).
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Figure 8: Sample concentration matrix for the voltage measurements collected at three nodes (6, 7,
10). Each column corresponds to a different number of samples. Each row corresponds to a different
dataset (corresponding to different starting times during the day). The black dots correspond to the
topology identified via the minimum-spanning-tree algorithm. As the number of samples increases,
the sample concentration matrix converges to its true value (allowing the identification of the correct
topology). For very small sample sets, different realization can yield different results.
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Figure 9: Error rate of the proposed hypothesis-testing algorithm for the identification of the relative
connection of different triads of nodes. The thick line represents the unbiased estimate of the error
rate computed on 1200 realizations. The dashed line is the 95% confidence interval computed via the
Wilson score interval [29], and settles at 0.58% when no errors are observed in the 1200 realizations.
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