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Introduction
Model: G Real plant G, = G,=G+E
Nominal stability (NS): system is stable with no model uncertainty
Nominal performance (NP): system satisfies performance specifications with no model uncertainty
Robust stability (RS): system is stable for “all” perturbed plants
Robust performance (RP):  system satisfies performance specifications for all perturbed plants
" n = order of the system

) B,s +..+B,s+B, B

Transfer function: G(s)=——— where ¢ 1, = order of the numerator
sta, s T..tasta, n-n, = relative order (pole excess)

strictly proper: G(s)—=0 (s—) proper A system G(s) is improper if G(s)—o (s—o0)

semi-proper: G(s)—>D#0 (s—oo0)
1 D from state space realization

Scaling
Consider a SISO-System with y=Gi+G,d , e=y—7 with disturbance d , reference 7, input il
Chose d=dld,, , u=illi,, , Y=Venm , r=ilé,. , e=elé,, suchthatalvalues €[0,1]

max. expected max. allowed N A
For a MIMO-System you use diagonal matrices since each variable in vectors {d, 7, u, e} hasits own max.:

d=D,'d , u=D,'ts , y=D.'} , e=D.'¢ , r=D.'}
= D,y=GD,u+G,D,d , D,e=D,y-D,r = G=D,'GD, , G,=D,'G,D; (D, =%u)

Often 7=#/¢,,=D,'* = r=RF [RZDQI D,=r largest expected change in reference (RZ])]

A
max / € max

e=y—r=Gu+G,d—-RF where we can freat reference changes as disturbances with G,=—R

If an expected/allowed variation is not symmetric about 0 then the largest variation should be used for cAz’
and the smallest for #,,,,, 8, . e.9. =5<{d,u}<10 = d,,=10 , i,,=5

max

max

Objective:  [for |d|<1 and [{|<1 manipulate u with [u|<1 such that le|=|y—r<1] worst case:
d=1,7=1

Notation
One degree-of-freedom conftrol configuration:

Two degrees of freedom c.c.: =

Yam n w includes disturbances/noise/...

Use Feedback because of unstable plants (see internal stability), model & signal uncertainty
Nominal performance/stability — without uncertainty Robust perform./stability — with uncertainty
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Classical Feedback Control d
Feedback Control | - |
y=GK(r—y—n) = y=(I+GK)'GKr+(I+GK)'G,d—Tn

T 5 T4 % LeJ = 1 + ¥
Where S is the sensitivity function and T the complementary sensitivity fct. I‘ L1 L
Controlerror: e=y—r=—8r+SG,d-Tn o +

Plantinput:  u=KSr—-KSG,d—-KSn

Loop fransfer function L:=GK = S=(I+L)"' , T=(I+L)"'L and S§+T=[ < fhischangestoS+HT=l
S — 1 atf high frequencies when there is a matrix Hin
. for strictly proper systems, the feedback loop

o i1 L El crossover frequency we — |L(jwc)|=1,
=R | - =
B e g T T bandwidth w, — [S(jw,)|=1/v2
&0 Wa . WBT for the 1 time from below
= e B (high BW = fast but sensitive to noise)
e e complementary bandwidth wgr —
92' T NS ] T (jwsr)|=1/2 forthe 1¢ time f. above
@ O st 1
z sl AL ~ | Plot for fix functions G(s), K(s) — see p.2-4
- _1z0k wW<w, effective confrol
-2m0 = S 1 W <W<W gz control without
10 10 1o 10 performance improvement
W pr < control has no effect

For PM<90° wp<w, <wWpy

Closed-loop Performance

Mg=max|S(jw)l=|S]. . M =max|T(o)=ITl. 1ypicay M=2 , M,<125 = GM>2

PM >30°
Poor performance/robustness if M[S,T]> 4

GM=1/|L(jw,)| ., PM=argL(jw,)+180° < GM=MJJ(M¢—1) , PM=1/M
PM = possible lag before instability, max. possible time delay (Totzeit) 0,,=PM /w,

Controller Design

Main approaches: 1. Loop shaping (magnitude of L(jw) ), shaping of closed-loop TF (S,T.K S)
2. Signal-based approach — Linear Quadratic Gaussian (LQG) control
3. Numerical optimization (computationally difficult)

Loop Shaping
e=—Sr+SG,d-Tn Should be small
Good disturbance rejection — large L Mitigation of measurement noise on outputs — L small
- A . . trade-off
Good command following — large L Small magnitude of input signals — K small and L small

Nominal & Robust Stability — small L

usually [L|>1 atf low frequencies, | L| <1 atf high frequencies (above crossover)

Fundamentals: We need a large |L| in the bandwidth region (good feedback control), |L| should fall
sharply with frequency but for stability we need IL (jw]80)|<1 with alarge w,q, (high bandwidth).

At low frequencies the shape of |L| depends on the disturbances/references (at least one integrator for
each integratorin 7 (s)) \ = typically slope of -1 (-20dB/dec) around w, and larger roll-off at higher freq. \
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Inverse-based Controller

wC wC - .
L(s)=— , K(s)=—G'(s) L(s) must contain all RHP-zeros of G(s)
S N
+ PM=90°, GM= oo , integrator in the loop (steady state error for reference step — 0)

- disturbance rejection critically , RHP zeros cannot be inverted , only for plants with pole excess < 2

Ex: System where ‘Gd(jw)‘>1 upto w~10 = chose w,=10 (feedback control needed up to
w=10, as low as possible due to noise sensitivity)

Loop Shaping for Disturbance Rejection

e=y=SG,d to achieve |e(w)|<1 for |d(w)|=1 (worst-case disturbance) we require
SG,(jw)<l Vw < [1+Lz|G| Vw ~ |L2|G,| Vw

improves low-frequency performance
‘GflGd‘ by adding integrator or lead/lag
— no steady state offset
Addifional modifications: 1. slope of | L| = -1 for fransient behaviour with acceptable gain and phase margins
2. increase loop gain at low frequencies to improve settling time and reduce offset
— add integrator (s+w,)/s which is effective up to @, and should not add too

much negative phase at w,
3. let L roll off faster at higher frequencies (beyond bandwidth) to reduce the use of
manipulated inputs, make the controller realizable and reduce noise effects

s+w;

chose |L,.|~|G| = |K N‘GilGd‘ = |K|=

min min

Ex K=G 'G,=0.5(0.055+1)""270.5 %’2 0.5(s+2)/s désl 0.5(s+2)/s-(0.05s+1)/(0.005s+1)
w,;=02w, ead —lag
the (0.05s+1)? term only comes into effect at 1/0.05=20 which is beyond the desired wc=10

Two Degrees of Freedom Design

Use prefilter K, (improves tracking) in order to meet both regulator and tracking performance

Gl
Design K, , L=GK, , T=L(I+L)" , y=T,r -
| improv e perform. 1 disturbance rejection Tldesired TF - l Ky I + l Ky [ - | G —F
= K,=T"'T,,  practical choice K, (s)=—"*—- 31 .
: Thes+1 n
(slows response down if T, <T,, . speeds it up otherwise) L
Closed-loop shaping
IL(jw)>1 = S~L',6 T~1 ; |L(jw|<l = S~1, T~L caon'tinferanythingat w,

—00

) 1/p
H  : the set of transfer functions with bounded oo -norm ||f(s)||oo=max|f(j w)|=1im ( f |f(jw)|pd (U)
= set of stable and proper transfer functions w po®

H,: setof stable and strictly proper transfer functions: ||f(s)||2:\/1/(277)f: 1f(jw)fdw

Weighted Sensitivity

Specifications: minimum bandwidth frequency w; , min. tfracking error, shape of S, system type (max. steady-
state tracking error A), max. peak magnitude of S: ||S(jw)||wSM

upper bound: |S(jw)|<1/‘wp(jw)| Yo < ‘WPS|<1 Yo < HWPS||00<1

sIM+w (s/M"+w;)’
= steeper slope: wp(s)=

Typical performance weight: w,(s) - -
g stw, A (s+awj 4"

1T 1/|we| isequal to A< 1 atlow frequencies and M = 1 at high frequencies
For this weight L=w/s yields an S which exactly matches the bound
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Performance Limitations in SISO Systems

Input-Output Controllability

How well can a plant be confrolled? What control structure (which variables, etc.) should be used?

Keep the outputs within specified bounds displacements from their references in spite of unknown (bounded)
variations like disturbances and plant changes/uncertainties using available inputs and measurements.

Assume scaling: y(t)€lr—1,r+1] V [d(t)€[-1,1] , r(¢t)€[—R, R]} using aninput u(t)€[—1,1]
le(w)<1 V {|d(w)|<1 , |r(w)|<R(w)} usinganinput |u(w)|<1
for simplicity we assume R(w)=R (w<w,) and R(w)=0 (w>w,)
because of e=y—r=Gu+G,d—RF (see p.1) we can apply results for disturbances also
to references by replacing G, by —R
Perfect Control & Plant Inversion
y=Gu+G,d P o y=G =G 'G,d

control perfect feedforward controller

because of T=(1+GK)'GK=GK(1+GK)'=GKS wehave u=G 'Tr-G'TG,d

u=K(r-y)

u=KSr—-KSG,d

Where feedback is effective (T~1) feedback input with feedback control is the same as perfect control
input without feedback conftrol.

Perfect control cannot be achieved if G contains RHP-zeros ( G~! unstable) or time delay ( G™! predictive),
is uncertain or has more poles than zeros ( G~' unrealizable) or if ‘Gfl Gd| or \G‘l R| is large (>1).

Fundamental Limitations on Sensitivity
S+T=1 Vw ideally S small (small control error) and T small (no sensitivity fo noise) — not possible

Bode Sensitivity Integral: If the open-loop transfer function L (s) is rational , has a relative degree of =22

(1st waterbed formula)
and N ,RHP-poles p; the closed-loop is stable if fln|S (jw)dw=m: Z R(p
i=1

Idea: for some w |IL(jw)—(—1)<1 < |S|>1 — nichtminimalphasig

Stable plant = f m|S(jo)dw=0 o 17—
Unstable plant = A4 <B (pay a price for stabilizing the system)

Weighted sensitivity integral: If L (s ) has a single real RHP-zero z ond N RHP-poles p;.The closed-loop
(2nd waterbed formula) P+

P~z

|ss‘roble|ffln|S (jw)|w(z,w)d w= T('H

i=1

where the weight function

2z :g 1
24w’ Z 1+(wlz)
if there are two complex conjugated zeros (z=x+jy) use

x x
w(z, w)= ; -+ .
x+H(y—w) x+(y+w)

w(z,w)= S “cuts off” confributions of In|S| at w>z

For a stable plant f;1n|S(jw)|dwN0 (IS|~1@w>z)
"when you reduce |S| at low frequencies a large peak at high frequencies is unavoidable”

Interpolation Constraints
If p/zis a RHP-pole/zero of L(s),then T(p)=1, S(p)=0 , T(z)=0, S(z)=1  peaks/valleysin 3D-plot
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Fundamental Limitations: Bounds on Peaks

Maximum modulus principle: if f (i) is stable (e.g. analytic in the complex RHP), then the maximum value of
|f(s)| for s in the RHP is aftained on the region's boundary (i.e. somewhere
along the j w -axis)
= f(s)stadle e |f(jwll.=max|f (jw)=|f(s,)] Vs,E RHP

= f(s) = wp(s)S(s) = wy(s)T(s) with weighted (compl.) sensitivity

Weighted sensitivity peak:  If G(s) has a RHP-zero z and WP(S) is any stable weight function, then for
closed-loop stability we need [wp S|, =wp(2)S (z)|=|w,(z)

Weighted compl. sens. peak:If G(s) has a RHP-pole p and wT(s) is any stable weight function, then for
closed-loop stability we need HWTT||wZ|WT(P)T(P)|:|Wr(P)‘

Combined RHP-poles & zeros: G(s) has N , RHP-zeros Z; and Np RHP-poles p; . For closed-loop stability we

need "WPS”ooZCu‘Wp( —H }i ip‘>1 for each zero z; (1)
and |w, T, =cy|w,(p |z — >1 for each pole p; (2)
For wp=wr=1 we get ||S|,> maxcll , ||T||OOZ max c,,

= large peaks for S and T are unov0|d0ble if RHP poles and zeros are close

S— D
Proof of (1):  If there are RHP-zeros create an all-pass Sa(S)ZH. f' = §=5,§,
(2) similar, SE P .
see p.183 where §,, is the “minimum-phase version” of S and |S,(jw)=1 Vw

If there is a RHP-zero at z , we get from the maximum modulus principle
||wPSHOO=max ‘WPS(jw)|=max ‘WPSm(jw)‘2|wP(z)Sm (z)‘

where S (z)=S(z)S (z)'=1/S (z)=
Bandwidth Limitation Il
Performance requirement: S (jw)[<l/w,(jw) Vo < |w,S|, <1

from the weighted sensitivity peak theorem we have that ”WP SHOOZ|WP(Z)|

sIM +wy . 1
for w,(s)=————= and arealzero at z we get w,(1—4)<z|1——
stw, A
Bsp:  4=0 « _Z .
M= W=7 M=Mg=|S|,

Limitations Imposed by RHP-poles
specification: |T(jw)|<l/jw,(jw) Yo < |w,T| <1

from the weighted complementary sensitivity peak theorem we have HWTTHOOZ‘WT(]?N = |Wr(p)‘ <l

S 1 M
for wp(s)=——+—— bl > ! My
or Wr wi | M, we get W, pMT_1

1 roll-off 2 1 at high frequencies (any real system) and | T| < My at low frequencies

Bsp: M,;=2 = wy>2p whichisapproximately achieved by w >2p
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Combined RHP-poles and RHP-zeros

RHP-zero: w, <z/2 RHP-pole: w >2p

RHP-pole & RHP-zero: z>4p for acceptable performance and robustness

Sensitivity peaks: with RHP-pole p and RHP-zero z we always have: ||S||ch , ||T||wZC , C= IZiZI

Ex: Balancing arod ~ System with poles {0, 0,V(M +m)g/(M )] andzero g/I
— for m<<M pole~zero, this system is impossible to stabilize
— for m>>M the system is difficult to stabilize because p>z (e.g. m/M=0.1 = S|, =42, ||T||,>42
— only small frequencies conftrollable, for large frequencies disturbances are amplified by ~40)

Limitations Imposed by Input Constraints
Perfect control (e=0) forinput u=G'r-G~'G,d

d(w)=1,

Disturbance Rejection (=0, u(w)|<1) implies |G_1 (jw)Gd(jw)|<l Vo < |G]<|G]

r(w)=R YV w<w,,u(w)<1)imples ‘G_l(jw)R‘<1 Yw=<w, © |G|>R
Vw,G,(w)>1
| d ‘ (*)

Y w=<w,

Command tracking (d =0,

For acceptable control ( |€(jw)|< 1 ) these requirements change to |G|>|Gd‘_ 1
IG|>|R|—1<1

Summary: Controllability Analysis with Feedback Control

y:Gu+Gdd 4 ym:Gmy

w, = gain crossover frequency (where |L(jw)| crosses 1 from above)
" -+

w, = frequency where ‘Gd(jwd)‘ crosses 1 from above
G,(0)=1

rr'

Ga

K 1+ -

_ +

(perfect steady-state measurement)

i

(1) Speed of response to reject disturbances:

(2) Speed of response to track reference changes:
(3.4) Input constraints arising from dist. & setpoints:
(5) Time delay 0 in G(s)G,(s):

(6) Tight control at low frequencies with RHP-zero:
(7) Phase lag constraint (most practical cases, e.g. PID):
(8) Real open-loop unstable pole in G(s) af s=p:

We require w >w, = [S(jw)<[1/G,(jw) Vw

We require |S (j w)|$ 1/R up to w, (where tracking is required)
see (*)

We approximately require w,<1/0

We require w,<z/2 for areal RHP-zeroin G(s)G,,(s)
We require usually w, <w, (arg|GG, (jw,)]=—180°)
We need hight feedback gains and w_>2p

(for unstable plants we need |G|>|Gd‘ up to frequency p)

N=-1 = -90° phase = 90° PM at w,
at w=1/0 and w=z/2 we have -55° phase = 35° PM

Applications of Controllability Analysis: First-Order Delay Process

—0s —0,;s
Problem statement: G (s)=k —% , G, (s)=k, € , [kJ>1 +measurement delays 6,,.0,,
l+Ts 1+7,s
A
Specification: le|<1 for |u|<1,|d|<1: |u|<1 g k>k, , klt>k,lt, g —
lel<1 = w,~kylT,<w, kdX»
(5)
= wc<1/9t0t <9t0t:0+6m) I/ k/t
total loop delay
= Feedback: 0+0,<t,lk, Feedforward: 0+6,,—0,<7,/k,

mmueri@ee.ethz.ch v18 6/28



Regelsysteme I Uncertainty and Robustness for SISO Systems Michael MUri

Uncertainty and Robustness for SISO Systems

Introduction to Robustness
A control system is robust if it is insensitive to differences between the actual system and the model
Approach: 1. Determine uncertainty set (mathematical representation)

2. Check robust stability (RS) — does the system remain stable for all plants in the uncert. set?
3. Checkrobust performance (RP) — if RS is satisfied, check whether perform. specs are met

Notation: IT = uncertainty set G(s)eIl =nominal plant model
{G,(s),G'(s)|€Il = particular perturbed plant models
Classes of Uncertainty
Parametric uncertainty: Structure of the model & order known, some parameters unknown
Neglected/unmodeled dynamics uncertainty: Missing dynamics (usually at high frequencies)
B T
Lumped uncertainty:  Sources of parametric and/or unmodeled : w0 A; g ;
dynamics uncertainty combined info a single : :
lumped structure : + :
! i I
Multiplicative uncertainty 11 ,: GP(S):G(S)(I +w,(s)A,(s)) et e e et e e e e
where ‘A,(jw)‘sl Vw < |4A.=1 (4,(s) is any stable transfer function |A,(jw) <l Vw)
Inverse multiplicative uncertainty IT,,: G,(s)=G(s)(1+w;,(s)A;,(s))" , A, (jw)<l YV w
(better suited for pole uncertainty)
Representing Uncertainty in the Frequency Domain -
_os CL R =2
Ex: G, (s)=k/(ts+1)e ™ 2<{k,0,7}<3 =0 fw=sEo ) w=0.01
Simplify graph by replacing unshaped uncertainty regions w7 L o —=— R}
by disc approximations where uncerties have a L w=005
maximum length (radius) ‘WA(jw)‘ but arbitrary Lo '
phases. — conservative approach since we now | w= 0.5 _
also consider perturbations that will never occurr. _ \ e 0.3
Additive Uncertainty: IT,: G, (s)=G(s)+w,(s)A,(s) ‘AA(jw)‘Sl Yw s
I

where A, is any stable transfer function which at each frequency is no larger than one in magnitude
Alternative:  multiplicative uncertainty IT,: G, (s)=G(s)(1+w,(s)A,(s)) |A,(jw)|sl Y w
IT, and II; are equivalentif |[w,(jw)[=w,(jw)|G(jw) = |Gw|=|w|

the dashed circle is not allowed to enclose (0,0) because in that case
any phase would be possible for G(s)=0 which would be too uncertain hwal s

w/|>G = |w|>1 .

Obtaining the Weight for Complex Uncertainty w

Select a nominal model G(s)

L ) . . _ Gp(jw)—G(jw)‘
Multiplicative (relative) uncertainty: |W1(J w)\zll(w)—max ;
Gpell G(]w) ‘

Additive uncertainty: |WA(jw)|ZZA(w):ZmIJYC|Gp(j w)=G(jw)
»E
. Ts+r, r, = magnitude at low frequencies
Unmodelled dynamics: w,(s)=————  where ' , .
(T/rw)s+1 7, = magnitude at high frequencies

and 1/7 is the frequency where the relative uncertainty reaches 100%
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SISO Robust Stability (RS) with Multiplicative Uncertainty 4 I
""""""""""""""""""""""""""""" (e
E s 81 E 1
l | . Re
R .II-I_' i : L {_,' i - i ._ 4
- e . \ i
]
. O
L,=G,K=GK(l+w,A)=L+w, LA, |A,(jw)<l Vw ]
Encirclements of —1 are avoided if none of the discs cover —1 otk

w, L
RS o w,L<[1+l] Vo < 1+L<1 Vo o |wTl<l Vo & |w,1],<1
And |T|<1/|W1‘ Y w |imits bandwidth same setup as above but
direction of loop changed
Inverse mult. uncertainty: RS < ‘1+Lp‘>0 VLp,w = |1+L (14w, A ,-1|<1
i =il AWES e |1+L| ‘W |S|<1/|W |
— -1~ A 1=
MA-Structure: M=w,K(1+GK) G=w,T = RS o [+MA Al<1
"B RS o 1-M[>0 Vo o [M(jw)<l Vo e
SISO Robust Performance (RP) with Multiplicative Uncertainty
Nominal performance: NP o |w,S|<l Vw o |wy<|/l+I] Vw - |1+L(jo)|
i —
T—E 2 :a;_,lT* | NN YA
: v & L(jo)
the NP-condition must be satisfied for all possible plants: lwe(jw)|
NP & w,S|<1 Vw < |wl<l+L] Vo “ L(jw) mustbe at least [wp| from —1 *
RP & |w,S <1 V[S, 0] o |wl<fi+L]| V[L, ) | = Ip/dl<l VA,

Set of possible loop transfer functions: L,=G,K=L(1+w,A,)=L+w, LA,

graphical
=

RP

woltw, <N +L Vo < |w,(1+L) |+jw,L(1+L) <1 Vo < max(jw,S|+w,T)<1

derivation

The Relationship Between NP, RS and RP
NP o |wpS|<l Vw e |wi<[I+I] Vw

RS e |w,T|<l Vo
RP < |w,S|+w,T|<l Vw
= A prerequisite for RP is that we satisfy NP and RS (applies for SISO and MIMO and for any uncertainty)

- For SISO systems, if we satisfy RS and NP we have at each frequency |w,S|+w, T|<2max{|w,S T|j<2

= within a factor of at most 2 we will automatically get RP when NP and RS are saftisfied

wp S|+|w, T|=min| we cannot have both |w|>1 (good performance) and |w|>1
(more than 100% uncertainty) at the same frequency because where
‘w,|>1 the uncertainty allows RHP-zeros (from A which show up in

G, ) which results in bad perf.
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Elements of Linear System Theory

System Descriptions

State Space Representation
x(¢)=Ax(t)+Bu(t)+B,d(t) ¥=$x A=8S A4S B=SB  with disturbances d and
y(t)=Cx(t)+Dul(t)+D,d(t)+n(¢) C=CS"' D=D  measurement noisen

_ t — 0
Dynamical system response: x(t)=e'" t°)x(t0)+_[t "TBu(t)dT  where eAt=I+zk:1(At)k/k!
A=SAS'=A=diag(A,] = "=5"diag[e""""]S where ¢"' is the mode associated w/ the EV A;(4)

Impulse response: g(t)=

gij.(‘t)]:CeAtB—f'D(s(f) t=0 = y(l):g*u:fog(t_T)u(T)dT

output 11 input
Transfer Function Representation

y(s)=G(s)u(s) G(s)=C(sI—A)"'B+D = (Cadj(sI—A)B+Ddet(sI—A))ldet(sI—A)
where det(s1—A)=]]"_ a(s1-4)=]T_ (s—a,(4))

i=1
PID-Controller
ideal controller K (s)=K_.(1+(t,s)"'+T,s) not realizable because of differentiator — improper

proper PID controlier: K (s)=K (1+1/(t,s)+T,s/(1+€T,s)] €=<0.1

0 o |[ kJt 1+e
with common realizations 1. (4, B,C, D}= 0 —1/(et,)]| 21 ][1 -1 K, e
1. Jordan canonical form L D/ | _Kc/((:‘ TD)
2. Observ ability canonical form r 1T 1 2
3. Controllability canonical form l4,B,C,D|= 0 0 K.(T, —1/(e"Tp)) [1 0],K Ite
. 2. ’ ’ ’ _ ) 3 2 s ] c
4. Observ er canonical form _0 “(ETD)_ KC/(E TD) €
o o | L1 K, 1+e
3.[4,B,C,D|= ALK (= K,
[ } _1 _1/(€TD)_ _0:| [ (TI €2TD> €3T2D] €

4 |4.B,C.D|= [—1/(0€TD) 1],[]{ ( K. (eT,T)) )][1 0], K 1+e

State Controllability and State Observability

If C=[B AB A*B .. A" 'B]| hasrankn (n=#states) the system is controllable W needs to be invertible
_ T A (t,—t) ppr—1 At, Y 4t T At
u(t)=—B e W (t)(e"" x,—x,) Wc(t)—foe BB e "dT brings x from X, fo x,=x(t)
Q o
P=W,(x) © AP+PA'=—BB" = controllable iff P>0

A has eigenvalues p; and left eigenvectors ¢, (¢ A=p,q/) = controliable iff g B#0 Vi
— controllability says nothing about if a final state is stable or if the necessary inputs are achievable

If O=[C CA .. CA"'|" hasrankn the system is observable

stable system — QZI: e CTCe" d T must have full rank A"0+04=-C"C
A has eigenvalues p, and eigenvectors ¢, (At,=p;t,) = observable iff Ct,#0 Vi

— system might not be observabile if obtaining x(0) requires high-order derivatives (sensitive to noise)

Minimal realization = state-space realization is state controllable and state observable

mmueri@ee.ethz.ch v1.8 9/28
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Kalman's Decomposition ; - ]

I Xy |
coordinate transformationinto || [4n 4o 0 0 {|x/| |B, " R
Xy = 0 4, 0 0 |]x, + 0 u !l . %
X3 Ay Ay Ay Ay || x; B; i : :
S,=minimal realization |x,| | 0 A, 0  Ay||x,| |0 , 5 '
(controll- & : |
observable) y=lc, ¢, 0 OHX1 Y X X, T s, ¥ i
1

Sl‘dblllfy any unstable linear system can be stabilized by feedback control if it contains no hidden unstable modes.
A system is (internally) stable if none of its components contains hidden unstable modes and if it is BIBO-stable

A system is state stabilizable if all unstable modes are state controllable.
A system is state detectable if all unstable modes are state observable.
A system with unstabilizable/undetectable modes is said to contain hidden unstable modes.

Poles

The poles p, of a system are the eigenvalues A,(A4)

The pole or characteristic polynomial is defined as (]S(S):det(S]—A):Hll (s—p,)

A linear dynamic system is stable iff all poles are in the open LHP < R{A(A4)}<0 Vi < A isHurwitz

¢ (s) corresponding to a minimal realization of a system G(s) is the least common denominator of all
non-identically-zero minors of all orders of G(s) (MacFarlane and Karcanias Theorem)

Minor of order n=det(G, . (s)) ...of order m=det(G,,,) where G'=G with columns/rows removed (m<n)

1 s—1 s ;
EX  G(s)= l = {mmors oforder 1= {s—1,s,—6,5s—2}/(1.25¢(s))
1.25(s+1)(s+2)| =6 s—2 minor of order 2 = det G(s) = 1/(1.25* ¢ (s))
¢ (s)
Leros
Zeros are values of s atwhich G(s) losesrank ( G(z,)=0 only valid for SISO systems)
L T _ 2t _ zI—A —Bl||x.|_, zeros=solutions of det[..]=0
from SS realizations: u=u.e” , x=x.e , y=0 = 17 =0
C D ||u, MATLAB: tzero(A,B,C,D)

multiv ariable zeros hav e no relationship with

from TF: rank(G(zi))<rank(G(s)) = Z(S)ZH?Z:I(S—Zi>

Z(s) corresponding to a minimal realization of the system is the greatest common divisor of all the

numerators of all order-r minors of G(s) where r =rank (G(s) ), provided that these minors have been

adjusted in such a way as to have the pole polynomial ®(s) as their denominators J t(G) o<(z)
e s

¢(2)

the zeros of the transfer function elements

!
=0
Zero Directions / Pole Directions Locations of zeros/poles depend on I/O-scaling, directions not

G(z)u=0 with input zero direction u,

Az, rank (G (z))<rank(G(s)) = 3F{u., y.|#0, -
y.G(z)=0  with output zero direction .

u =last column of V. y=last column of U

_ H_ 7 ) T
G(z)=U2V"=[u, ... wldiag(o)lv, .. v, u =first column of V. y =first column of U

If G(s) has a pole at s=p, then G(p)up =w , yHG(p):oo where {up, yp} are input/output pole direct.

p

Ex: G has zero z=4 G(z)=G(a)=L] 3 4|=L]oss ~o0s83]]o.01 0|06 —0.8]"
and pole p=-2 6145 6| 6/0.83 055 [[mo0[lo8 0.6 |
— 0 u
1[-3+e 4 1 | =055 0;3 901 ol [0 —os]”
G(p+e)=G(—-2+€)=—| —— | P890 —9.850 1% T
(Pre)=G(=2te)=g 45" 1 3+4¢) 62[ 0.83 —o.ssH 0 ol l—o.s ~0.6]
yp 7_)00 uP
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Pole Directions from State-Space Realizations
right/left eigenvectors: At = pt, , ququf =  pole directions y,=Ct, , up:BH q,

Remarks on Poles and Zeros
1. For square systems the poles/zeros of G(s) are essentially the p/z of det G(s) (only without cancellations!)

2. Poles/zeros at the same point but with other directions do not cancel or otherwise interact

3. There are no zeros if the outputs contain direct information about all states (from y we can obtain x)
zeros usually appear when there are fewer inputs or outputs than states

4. Feedback conftrol (G/(I+KG) moves poles, feedforward control (GK) can cancel poles,
parallel compensation (G+K) cannot affect the polesin G

5. With feedback, the zeros of G/(I+KG) are the zeros of G plus the poles of K, feedforward can cancel zeros,
but no RHP-zeros due to internal stability. Parallel compensation (G+K) can move zeros using extra input

Ex G(s)= z(s) (s)= kz(s) z4(s)  zero locations are unchanged,

b (s) b (s)+kz(s) - ¢, (s) polelocations are changed by feedback

u

Internal Stability of Feedback Systems
K l*’ G I”’v u=(I1+KG)'d,~K(I+GK)"
+ o s—1 + 1y

T ] — sl y=G(I+KG)'d,+(I+GK)"

Ko

d
RAEY *%
dy() (**)

+

A feedback system (**) is internally stable iff all four closed-loop transfer matrices are s’rable._,;:_

If there are no RHP pole-zero cancellations between G(s) and K (s) (thatis all RHP-poles in G and K are

contained in the minimal realizations of GK and KG) the feedback system is internally stable iff one of the four

closed-loop transfer function matrices (*) is stable

Implications: 1.1f G(s) hasaRHP-zeroat z,then L=GK , T=GK(I+GK)"' , SG=(I+GK)'G .
L,=KG , T,=KG(I+KG)"" willeach have a RHP-zero at z.

2.1f G(s) has a RHP-pole at p.then L and L, also have a RHP-pole at p , while
S=(I+GK)"' , KS=K(I+GK) " and S,=(I+KG)"' have a RHP-zero at p .

3. Perfect control implies S~0 , T~1 which isimpossible for RHP-zeros and possible for
RHP-poles (they cause problems when tight (high gain) conftrol is not possible)

RHP pole-zero cancellations between two fransfer functions (e.g. L and S=1/(I+L)) does not necessarily imply
internal instability. RHP p/z-cancellations are only not allowed between separate physical components.
Stabilizing Controllers
For a stable plant G(s) the negative feedback system (**) is internally stable iff O=K(I+GK)™" isstable.
= (I+GK)'=1-GO , (I+KG)'=I-0G , G(I+KG)'=G(I-0G) are dlso stable if G s stable.
All stabilizing negative feedback controllers for the stable plant G(S) are given by
K=(I-0G)'0=0(I-GQ) " where Q is any stable fransfer function matrix.

1

Although Q may generate unstable controllers K there is no K dy

danger of getting a RHP-pole in K that cancels a RHP-zero in G oo 1 _plant l+ .
r e+ ' . o

Internal Model Confrol (IMC) parametrization: — — H - i ' I+

the controller Q can be designed in an open-loop fashion since the
feedback signal only contains information about the difference
between the actual output and the output predicted from the model

FAEImEE I EEEEEEEEEEEw
=
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Stability Analysis in the Frequency Domain

L(s)=C,(sI—A4,)" B,+D,, where the poles of L(s) are the roots of ¢, (s)=det(sI—A4,)

SS - qul:det(S]_Ad):det(SI_A01+BOI(I+D01)_1Col)
Schur's

det(I+L(s))=det(I+C,(sI-A, 'B,+D,) = det(1+L(S)):¢d(S)
i Puls)

If there are no cancellations between ¢,, and ¢, the closed-loop poles are solutions of det(I+L(s))=0 .

ol

-det(I+D,,) calculations
see 5.37-38

const.

MIMO Nyquist Stability Criteria proof onp. 161/2

P, = #unstable polesin L(s) . The closed-loop system with loop transfer function L(s) and negative
feedback is stable iff the Nyquist plot of det(I+L(s)) (the image of det(l+L(s)) as s goes clockwise around
the Nyquist D-contour) makes P, anti-clockwise encirclements of the origin and does not pass through (0/0).

If this is not saftisfied there are P_,=N+ P, unstable closed-loop poles where N =#clockwise encirclements.

Small Gain Theorem small gain — stable  BUT small gain not given X unstable
Consider a system with a stable loop transfer function L (s) . Then the closed-loop system is stable if the
spectralradius P (L (/ w))zqu |7\i(L(jw))|<1 Vw (system gain <1 in all directions) proof 5.40

For SISO-Systems p(L(jw))=|L(jw)|

The closed-loop system with stable loop transfer function L (s) is stable if ||L(j w)||<1 Y w small gain
where |L| denotes any matrix norm satisfying |4 B|| <[ 4| B]| . for example & (L) (1A=L)

This theorem is usually conservative because phase information is not considered.

System Norms the H,-norm is only finite for sirictly-proper systems
Given information about the allowed input signals w(z) , how large can the outputs z(¢) become?

2-norm: | z(¢)|,= \/Z, f: 2, (v d T not an induced norm that satisfies the multiplicative property

H nom [6()k= 5[ (G () 6 jwd w=leh={[ & (T () a 7=y, T,

G(s)=C(sI—A)"'B = |G(s),=\tr(BTOB) = Ver(CPCT)
where Q is the observability Gramian and P is the controllability Gramian as calculated on p.9

gij(T)|2dT

Other notations/interpretations:

||G<s>||2=J%f°‘;Zicr?<G<jw>>dw CI6h= mar Jeol . JGGE=VEL [

w(t) unit impulses

H, norm: ||G(s)|,.= muc)zx(T(G(jw))

Performance interpretations: 1. The peak of the fransfer function “*magnitude”
2. Worst-case steady-state gain for sinusoidal inputs at any freq.
3. Induced (worst-case) 2-norm in the fime domain

|G ()= max (|2 (e)/Iw (0)l,)= max |z(¢),
w(t)#0 Iw()l=1

the H_ normis the smallest value of y such that the Hamiltonian matrix H has no eigenvalues
A+BR'D'C BR'B"

N _ .R=y*I-D"D
—C"(I+DR'D")C —(4+BR'D'C) Y

on the imaginary axis, where H =

Optimizing performance: minimize H , : push down peak of largest singular value
(“worst direction, worst frequency”)
minimize H , : push down whole thing (“average direction, average frequency”)

mmueri@ee.ethz.ch v18 12/28
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Infroduction to Multivariable Control

Transfer Functions for MIMO Systems

MIMO rule: Start from output and write down the blocks as you meet them when moving backwards (against
the signal flow) taking the most direct path towards the input. If you exit from a feedback loop
include a term (I— L)’1 (or (]+L)‘l for negative feedback) where L is the transfer function
around that loop (evaluated against signal flow starting at the point of exit from the loop).

Cascade rule (a): G=aG,G, TSN o

-1 i G & L
Feedbackrule (b):  v=(I—-L) " 'u , L=G,G, £ —
Push-through rule:  G,(I1-G,G,) '=(1-G,G,)'G, -

(a) Cascade system (b} Positive feed-
Negative Feedback Control Systems back system
Output transfer function: L,=G K (breaking the loop at the output of the plant) do !41
T+ e I + u

Output sensitivity: S, =(I+L,)" - K
Output complementary sensitivity:  Tp=1—S,=(1+L,) " Lo=Ly(I+L,)"

Input: L,=KG (r—u)

Input sensitivity: S,=(I+L,)”"

Input complementary sensitivity: 7,=1—S,=L,(I+L,)™

Relationships: T=L(I+L) '=(I+L7")'=(I+L)"'L (I+L)'+(I+L)'L=S+T=1I
GK(I+GK)'=G(I+KG)'K=(I+GK)'GK G(I+KG)'=(I+GK)''G

Multivariable Frequency Response Analysis

Sinusoidal input to channel j: dj(t)za’josin(wt-i-cxj) starting at t=—o0 — output y,-(t)zy,-gSiIl(wf‘i‘B,-)

Phasor notation: d ;(w)=d je’* , y;(w)=y,e’™ = y(w)=G(jw)d(w)

Amplification (gain): yio/djOZ‘gij(jw)‘ Phase shift: B,— O(_]':argg[j(jw)

Directions in Multivariable Systems

) 2 The gain depends on @ and
The gain of G(s) is ||y(w)||2: IG(/ w)d(w)”2: \/z, yi(w) :\/J’iﬁyio*‘--- is independent of [[d(w),-
- ld (), ld(w)l, \/Z ‘ |d '(w)‘2 \/d2 e It depends on the direction
2-norm measures length of vectors A 100 of the input 4.

Eigenvalues measure the gain for the special case when the inputs and outputs are in the same direction.
= p(G)=A,..(G)| does not satisfy the properties |G, +G,|<|G\|+]|G,| and |G,G,|<|Gy| G|

Singular Value Decomposition

G=UZXV" where X contains non-negative singular values 0; arranged in descending order along its
main diagonal (other elements =0), U and ¥ are unitary (4"=A4"") matrices. |U x|,=|lx]l, ¥ x

column vectors of U = output directions: |ui”2:\l’u”‘2+... + ‘uﬂ‘z:l , uf{ul:l , u7 u,=0 Vi#j

column vectors of V = input directions: (same properties as u; )

Gv,=0,u;, where 0, is the gain of the matrix G in a direction: 0,(G)=|G v/,=|

max Gain: 6(G)=max(||Gd||2/||d||) ﬁnaxHGde min Gain: @(G) mm(||Gd||2/||d||) \\%1111||Gd||2
d#0 I =

“strongest”/"weakest” directions:  #.=u, , v.=v, , u:=u, , v.=v, = Dv=ou , Gv=ou

interactive system: all inputs affect all outputs
il-conditioned system: some combinations of inputs have a strong effect on the outputs, others only weak
— quantified by condition number /g (small = uncertainty is not a problem)

we want o >1 at all frequencies where control is required
mmueri@ee.ethz.ch more outputs than inputs — 3rd + 4th + ... vector = uncontrollable output directions  13/28
more inputs than outputs — 3rd + 4th + ... vector = input directions without effect
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Singular Values for Performance

1-degree-of-freedom: e= —Sr

le(co)l,

a(S(jw))=< L <o (S(jw)) for performance T——— should be small for any direction of 7 (w)
” ||2 worst case ” ”2 I
_ . . _ Lpo gl ——H_norm)
= o(S(jw)<lw,(jw)| Vo e ow,S)<l Vo < |w.S5| <1 2" 1
where the H , normis defined as the peak of the maximum singular value = n gain
— . B 4 0| L
of the frequency response ||M(s)||oo=maxa(M(] w)) Rl )
w L]
typically singular values are small at low frequencies (effective feedback) =
and approach 1 at high frequencies (any real system is proper) W —— ——
Bandwidth wy : frequency where @ (S) crosses 1/4/2=0.7 from below v Freqﬁgncy [rad;“us]

Since S=(I+L)"", the singular values inequality Q(A)—lsl/(6(1+A) ) a(A)+1 yields
o(L)-15— =g (L)+] loww: a(L)>1 = o(S)~l/a(L), a(L(jwy))e[041,241]
o(S) highw: oT(L)<1l = o(S5)~1 1 control is effective

Infroduction to MIMO Robustness

{ 0 all o}
2
Example: G(s)= 21 5 s “(”l) , a=10  with minimal realization ¢ 010 1
s4a’|—a(s+1) s—a I a 0 O
—a 110 0
_ . . . . _ _ -1__ 1 l a
Polesat s==*ja for stabilization: K=1  T(s)=GK(I+GK) =—
s+1|—a 1
Nominal stability (NS): Two closed loop poles at s=—1 and AC,ZA—BKC:[_O1 01]
Nominal performance (NP): o(L)<1 Y w poor performance in low gain direction
£1,, 2, large = strong interaction
z 1 —
Robust stability (RS):  check one loop at a time —=L(s)=— = GM = seems good
w, s PM=90°
] |W no good robustness because perturbations u 'i=(1+€i)ui result in
i _ o\ — 2 2
G det(sI—A',)=s+(24+€,+€,) s+ 1+€,+€,+(a"+1)e e, s stable for

a, ay

—l<e <o , =0 and —-1<e,<0 , €,=0 butonly stable for

K small simultaneous changes ( {q,, al};O < stability) is not good

large = indicates robustness problems
SISO: NP+ RS=RP , MIMO : NP+RS7§RP (RP can't be achieved by decoupling controller)

Multivariable plants can display a sensitivity to uncertainty which is fundamentally different from SISO systems.
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General Control Problem Formulation

(weighted) (weighted) scaled: |[w|=1 positive feedback used
exogenous inputs exogenous outputs — certgin values might be inz and v, etc.

w dr jj U e

Generalized plant P contains G,Ggtstructure

u rdl, Try to minimize some norm of the fransfer function from w
control signals - sensed outputs to z — find a controller K which based on the information
i in v, generates a confrol signal u which counteracts the

influence of w on z, thereby minimizing the closed-loop
norm from w to z.

d : —
[ o | 1* oy = ft{r H i !
LI

:
n : i
¥ i
i - + + 4+ i
' + A
n i i
T X e mm———— -

r+ |T| U
L

O

one degree-of-freedom confrol configuration [ & |
L1
Wy d | performance is specified in terms of the actual output, not the measured output y_
W=lw,|=| r z=e=y1r=Gutd-r = Iw,—Iw,+Gu
wy| L7 v=r—y,=r—y—n=r-Gu—-d—-n=—Iw+Ilw,—Iw,—Gu
I -1 0 ‘ G |z . . T T
= P= is the transfer function from |w  u| to |z v
[_1 . _,_G]V w ulto [z v]
w u
MATLAB: systemnames="'G"'; Robust Confrol toolbox
inputvar='[d(1l);r(1);n(1l);u(l)]"';
input to G='[u]';
outputvar="'[G+d-r; r-G-d-n]';
sysoutname='P"';
sysic;
Including Weights in P T
— gives a meaningful controller synthesis problem. w . & - :
Wy — - W, |—
The weighting maftrices are usually frequency dependent and i P i
selected such that weighted signals w and z are of magnitude 1, . :
that is, the norm from w to z should be less than 1. : ;

Ex: stacked problem: bound @ (S) for performance, o (T') for
robustness and to avoid sensitivity to noise and (K §) to

penalize large inputs (=K Sw ) — solve min||N (K ), wh
k H z
W KS
where N=| W.T = z=NW whose H, normmust i
w,S e minimized
(w=—r or w=d )
leWuu 0 Wul
o Z,=W,Gu L p= 0o | W,G

z2:=Wpw+W,Gu
v=—w—Gu

mmueri@ee.ethz.ch v1.8 15/28
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Partitioning the Generalized Plant P

P, P =P, w+P 0 (U I
p=| 1 1 EZonWTRl e facked problem — Pp=| 0 |, Pp= w,G| .,
P, P, v=P, w+P,u Wl W,G Py==G

if Kis a nxm-matrix, P, is a mxn matrix

Closing the Loop to get N

For analysis obtain K into the interconnection structure
— combine P with u=K v and eliminate {u, v} from the equations

= N=P,+P,K(I-P,K)'P, =: F(P,K)
linear fractional transformation (LFT) of P

MATLAB: N=1ft (P, K)

— N

Deriving P from N — 6.4.6 (p. 6.40 — 6.41)

A General Control Configuration Including Model Uncertainty

A is a block-diagonal matrix that includes all possible perturbations (representing uncertainty) to the system.
It is normalized such that |A].<1

U A

K

for confroller synthesis for robust performance analysis
upper LFT: z=F (N,A)w = [N,,+N, A(I-N,A)'N,|w

Almost any control problem with uncertainty can be represented like this. First represent each source of
uncertainty by a perturbation block 4; which is normalized such that |4[<1 . Then “pull out” each of these
blocks from the system so that an input and an output can be associated with each A4, . Finally, collect
these perturbation blocks into a large block-diagonal matrix having perturbation inputs and outputs.

Relative Gain Array (RGA)
RGA=G ><(G_1)T where X means element-by-element multiplication

« For decentralized control we prefer pairings for which the RGA-number at crossover frequencies is
close to 1

«  For stable plants avoid pairing on negative steady-state ( w=0 ) RGA-elements (sub-controllers might
cause instability)
— for stability prefer pairings corresponding to an RGA-number close to 0 at crossover frequencies

«  Plants with large RGA-elements around the crossover frequency are fundamentally difficult fo control
because of sensitivity to uncertainty in the input channels — decouplers should not be used

« large RGA-elements imply sensitivity to element-by-element uncertainty

+ Ifthe sum of the elements in a column of RGA are small (<<1) the corresponding input might be
deleted

« If all elements in a row of RGA are small (<<1) then the corresponding output cannot be confrolled

If results are unclear: iterate until the matrix only contains 1 and O: RGA=RGA(RGA)

RGAU = Qutput i paired with input j

mmueri@ee.ethz.ch v1.8 16/28
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Limitations on Performance in MIMO Systems

Fundamental Limits on Sensitivity
S+T=1 = |1-o(S)<a(T)<1+a(S) , [1-o(T)|<7(S)<1+c(T)

=  o(S) issmalliff &(7T) is large and vice versa

If G(s) has a RHP-zero at z with output direction ¥, , then for internal stability of the feedback system T
must have a RHP-zero in the same direction and S(z) an eigenvalue of 1 corresponding to the left EV ., .
If G(s) has a RHP-pole at p .. Y, .. T musthave an eigenvalue of 1 w/right EV y, and S(p)yPZO .

A peakon @ (S) ((T)) larger than 1is unavoidable if the plant has a RHP-zero (RHP-pole)
Weighted sensitivity: RHPzero at s=z = |w,(s)S(s)|,=max,o(w,S(jw))=|w,(z)|
Weighted complementary sensitivity: RHP-pole at s=p = |w;(s) T (s)|,=max,o(w,T(jw))=|w,(p)

In MIMO systems we can move effect of RHP zeros to different outputs by appropriate control (selecting an
appropriate T(s) — when shifting a zero to one output only usually coupling effects increase — p.237

Limitations Imposed by Uncertainty G' = G + uncertainty
Additional problem: Plant directional uncertainty

Output uncertainty:  G'=(I+E,)G < E,=(G'-G)G"'
Input uncertainty: G'=G(I+E,) < E,=G'(G'-G)

The diagonal elements of £, E, are always present in real systems see A 143

Feedforward control: y=T,r , T,=1 , T'=G'K, = y'—y=(T"'.-T,)r=(G'-G)G'T,r=E,T,r

Feedback control:  With one degree-of-freedom feedback control the nominal fransfer functionis y=T7Tr
where T:L(I+L)’1 (ideally T=1). The change in response with model error is
y'—y=(T'"-T)r=S"E,Tr.Thus, y'—y=S'E,Tr=S'E,y

— with feedback conftrol the effect of the uncertainty is reduced by a factor S’ relative to that w/ feedforw.
— feedback effective in crossover region (||S|| and ||T|j= 1). At high freq. L is usually small — T small — T-T' small

Upper Bound on G(S')
Output uncertainty:  S'=S(I+E,T)"
Input uncertainty: S'=S(I+GE,G'T)'=SG(I+E,T,) ' G '=(I+TK '"E,K)'S=K"'(I+T,E,)'K S

Assume (G,G'} arestable = (S,S'| arestable = ((I+E,T)"',(I+E,T,)""} are stable

o(E,)<|w,| ., O(E,)<|wy| (typically |w,| or |w,| =0.2 atlow frequencies and >1 at higher frequencies)
_ e~ - o(S)
Upper bound for output uncertainty: ~ o(S') < T(S)o(I+E,T) ") < ——>—
PP P Y 0 1—‘WO‘O'(T)
. . —(Qr o\ = -1 G(S)
Upper bounds for input uncertainty: a(S) < y(G)a(S)o(U+ET,)) < y(G)—F—"r
I—|w | (T))
5(5) < y(K)o(S)T(U+T,E)") < y(K)—Z5L__
= 1—‘W1‘6'(T1)

where y(G)=o(G)la(G) , y(K)=ad(K)la(K)

If y(G)~1 the system is insensitive to input uncertainties,
irespective of the controller.
1 1 If we use a “round” controller y (K )~1 the sensitivity function is not

_ -1\ __ not
a((I+ET) )_Q([_|_ET)S 1-o(ET) sensitive foinput uncertainty.
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Robust Stability and Performance Analysis A
General Control Configuration with Uncertainty A ua
A=diag|A,) For analysis we use the N A -structure (see p.16).

For robust stability analysis we use the M A -structure. = M

— — -1
N = FI(P,K) = P11+P12K(1—P22K) P,
F = F,(N,A) = Npy+Ny,A(I-N,,A'N,, = z=Fw
To analyze robust stability of F we can rearrange the system into the M A -structure where M =N, is the
transfer function from the output to the input of the perturbations.

Representing Uncertainty

Each individual perturbation is assumed to be stable and is normalized: G(Ai(j w))<1 Yw
For a scalar perturbation we have 5i(j w)|s1 Y w.

Since the maximum singular value of a block diagonal matrix is equal to the largest of the maximum singular
values of the individual blocks, it then follows for A=diag{A.} that T(A,(jw))<1 V{w,i] < |A].<1

A has structure, and therefore in the robustness analysis we do not want to allow all A that _—"is safisfied but
only the subset where A=diag{A}.

Unstructured Uncertainty
unstructured uncertainty = the use of a “full” complex perturbation matrix A where any A(jw) with
o(A(jw))<1 is allowed
Feedforward forms of unstructured uncertainty: i
al II,: G,=G+E, E=w,A, o e B
b I, G,=G(+E,) E;=wA, |_

c) O,:  G,=(I+E,)G Ey,=w,A,

]

CH

additive (&)

Feedback (inverse) forms of unsiructured UNCEraINtY: oo cimeemecimmny pres==ssesmssmmsamees s e ng
-1 ' H H [
d) IT,: Gp:G(I_EiAG) E,=w, A, H wi ] &7
e) IT;: Gp:G(I_EiI)_] Ej=w; 4, I I_'
-1 i A
fl Oy G,=(I-E,)'G  E,=wyA, ;l I a
. _ input (b) multiplicative le)
A denotes the normalized perturbation and E the o n emma o s s Hman Amma o o ammn o
“actual” perturbation. Sometimes instead of scalar  § P =1
weights E=wA we can also use matrix weights i ) [ 2 i e
E=W,AW,.
_?' . il pe :
outputic) multiplicative (f)
Lumping Uncertainty into a Single Perturbation
Output uncertainty is usually less restrictive than input uncertainty in ferms of control performance
=ty G,=(I+w,A,)G = I,(w)=max 5((GP_G)G‘1)§|WO(]' w)| [wo|=1, is reasonable
Gpell (<1 where we want control)

Shifting uncertainty: ~ assume input uncer.: G,=G(I+E;) = l,(w)zmax(T(G_l(Gp—G))Zmaxﬁ(E,)
E E,

shift to output: {,(w)=maxo((G,~G)G ' )=maxa(GE,G ")=|w |y (G (jw))
E E,

which is much larger than when using input uncertainty if the condition number y is large
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Obtaining P,N and M p p 0 o \w,
m A ua p="1" " 2=w G W, W,G
Wil A1 w P. P L L P
|_' | SR ey e
el o G [ W == L N —W,KG(I+KG)" —W,K(I+GK)"

multiplicative input uncertainty
performance measured at output

W,G(I+K G)"' W, (I+GK)™
= M=N,=—W,KG(I+KG)"
Alternatively: | M is the transfer function from u, to Y4, N is if K'is a nxm-matrix, P, is a mxn matrix
the transfer function from [u, w|" to [y, z|"

Robust Stability and Robust Performance
Robust stability analysis:  With a given conftroller K we determine whether the system remains stable for all
plants in the uncertainty set.

Robust performance analysis:  If RS is satisfied, we determine how “large” the fransfer function from
exogenous inputs w (normalized disturbances and references) to outputs z
(normalized errors) may be for all plants in the uncertainty set.

F:=F (N,A) (z=Fw)

using the NA-Structure we require: NS < N isinterndlly stable
NP & |Ny|,<l andNS w — z without A
RS < Fisstable VA, |A|.<1 andNS «— sometimes F=w, S with
RP < |F|, <1 VA, |A|,<1 andNS performance weight w, and

a set of perturbed sensitivity
functions S,

allowed perturbations: [|A].<1

Robust Stability of the MA-structure
Suppose that A is stable, the system with z=F (N, A)w is nominally stable (with A=0) — N is stable
= the only source of instability is (1—N, A)f1 |N“:M = stability of N A is equivalent to stability of M A

Determinant stability condition:  If {M, A} are stable. Consider the convex set of perturbations A, such that
if A'is an allowed perturbation, then so is cA' where c€R , |c|<1.

A=0 : det(I-MA)=1 Then the MA-system is stable for all allowed perturbations (we have RS) iff
if there is a circle around 0 there  the Nyquist plot of det (I —M (s) A(s)) does not encircle the origin ¥ A

must also exist one through O o det(I-MA)#0 V{w’A} o )\i(MA)¢1 V{i,w,A}

RS for Complex Unstructured Uncertainty

Assume that the nominal system M(s) is stable (NS) and that the perturbations A(s) are stable.
Then the MA-system is stable for all perturbations A satisfying |A].<1 (i.e. we have RS)
iff o(M(jw))<l Vo < |M|.<1

RS with Structured Uncertainty: Motivation - ..._SAME UNCERTAINTY scaling: A=d,Ad "
D=diag|(d 1} where I, is an identity matrix of the same ; :
dimension as the i'th perturbation block 4,, i Ay :
. I D A -1 |e—p
d; is a scalar. Y - .
tiff as abov e (unstructured) | i ' E
RSt (M (jo) <1 Yo = o(DMD)<l Vo : ;

is obtained by minimizing at each frequency the scaled singular

value = RSif min o(D(w)M(jw)D(w)')<1 Yw pToTTTTT T s m s
Dlw)eD may be significantly smaller than © L - o D :
where D is the set of block-diagonal matrices whose structure is : :

compatible to that of A, i.e. AD=DA
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test RS/RP without having to search through
The Structured Singular Value the infinite set of allowed perturbations A

The structured singular value ( u / SSV) is a function which provides a generalization of the singular value o
and the spectral radius p . We will use the SSV to get necessary and sufficient conditions for RS and RP.

Definition 1: Find the smallest structured A (measured in terms of & (A) ) which makes det (I —M A)=0
1 1

= M)=—— < M)=
H(M) u(M) min | (A)|det (1—M A)=0 for structured A
A

Sl

(4)

u(M) depends also on the allowed structure for A =  sometimes notation p,(M ) is used

If A is unstructured (= a full matrix) the smallest A which yields singularity has o(A)=1/a (M)
= p(M)=c(M)

Definition 2: If M is a given complex matrix and AZdiag[A,»] , denote a set of complex matrices with
o (A)<1 and with a given block-diagonal structure (some blocks may be repeated or
restricted to be real) — the structured singular value (real, nonnegative function) is defined by

IJ( ): 1 u>1: all uncertainty blocks must
minlk, |det(I—k, M A)=0 for structured A, o (A)<1} be decreased in magnitude by
a factor p to guarantee stability

If no such structured A exists then u(M)=0

A value of u=1 means that there exists a perturbation with &(A)=1 which is just large enough
tomake I—M A singular. A larger value of u is “bad” as it means that a smaller perturbation
makes I —M A singular, whereas a smaller value of u is “good”. the A corresponding to k_ will

. . . always have o(A)=1 (Proof: p.335)
Robust Stability with Structured Uncertainty

A is a set of norm-bounded block-diagonal perturbations, {M , A} are stable
= the M A -system is stable for all allowed perturbations with T(A)<1 Vw iff u(M(jw))<l Vw

= RS o u(M(jw))o(A(jw))<l Vo _ 1 [-878 14 _l+7s[-00015 0
m B H ” . G(S)_ K(S)_—
generalized small gain theorem” (with structure of A) Ts+1[—-1082 —14 s 0 —-0.075
Q' 1325 1 T T T T T T T WI(S):7S+0.2
i . 0.5s+1
o . - S—
R ‘w,(] )| U(fz)
= -L ————“n,,;' e _%_:HH ] mult. uncertainty in each manipulated input
Er . UIIIINZ-T ). T = since a(T,)> 1/‘W1(J' OU)| the system would
. AN not be stable for full-block input uncertainty. In
F T case of structured A we can see that RS is
1L h

satisfied and the use of the singular value
would be conservative.

Robust Performance

With an H_, performance objective, the RP-condition is identical to a RS-condition with an additional
(fictitious) perturbation block A, (which is always a full matrix).

“Pull out” uncertain perturbations and rearrange the uncertain system into the N A -structure, assume that
N is (internally) stable, then RP < ||F||00:”FM<N’ A)”w<1 VA<l o py(N(jw))<l Yo

where u is computed with respect to the structure AZdiag{A,AP] , A is the true uncertainty and A, is
a full complex perturbation stemming from the H, norm performance specification (w/ dimensions of FT )

RP < ||F(A)||oo<1 é AP is RS V ”APHOOSI P m is RS V ”APHooSl
V4|, =<1 AL =1 Al <1
12 h
= £ is RS VHA”OCSI = uA(N)<1 YVw
*see “RS for Complex Unstructured Uncertainty” on p.19
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Summary of y-conditions for NP, RS and RP

Rearrange the uncertain system into the N A -structure, where the block-diag. perturbations satisfy |A|,<1
Infroduce F=F, (N,A)=N,,+N, A(I-N, A" N, andletRPbe |F|l,<1 V allowable perturbations

= NS < N (internally) stable
NP < G(Ny)=p, <l Yw A NS

RS © wu(N,)<l Yw A NS
RP < u;(N)<l YVw A NS

A is a block-diagonal matrix, A, is always a full complex matrix. NS must be tested separately in all cases.

Ex: u=1.1 = our RP-requirement would be safisfied exactly if we reduced both the performance
requirement and the uncertainty by a factor of 1.1

To find the worst-case weighted performance for a given uncertainty, one needs to keep the magnitude
of the perturbations fixed ( 0 (A)<1) and compute p*(N (jw))= max & (F,(N,A)(jw)) skewed-1
(A<l

o(A)<

To find uS numerically, we scale the performance part of N by a factor k, = llus and iterate on k,,

until =1 = u*(N) solves u(K,N)=1, Km:[(l) UOS] at each frequency
u

Note that p underestimates how bad/good the actual worst-case performance is. This follows because
u®(N) is always further from 1 than p(N) .

H-Synthesis and DK-Iteration

The structured singular value u is a very powerful tool for the analysis of RS with a given controller. However,
one may also seek p-synthesis to find the controller that minimizes a certain p-condition.

u(N)<ming(DN D) = min(min ||DN(K)D1HOO)
D K D
define upper bound for u then find controller that minimizes peak value over frequency

. -1
K-Step: Synthesize an H, confroller for mli”HDN(K)D Hoo with fixed D (begin with D=1) #¢———
D-Step: Find D(jw) to minimize at each frequency @(DN D' ( jw)) with fixed N

Step 3:  Fit the magnitude of each element of D( jw) to a stable and minimum phase TF D(s)

— iterate until satisfactory performance is achieved, ”DND’IHOO<1 oruntilthe H ,, norm stops decreasing
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Controller Design
Trade-offs in MIMO Feedback Design r

y=Tr+S8d-Tn u=KS|r—n—d]

Closed-loop objectives: 1. disturbance rejection @ (S) small often needed af low freq.
2. noise attenuation o(S) small often needed at high freq.
3. reference tracking o(T)~o(T)~1
4. input usage (control energy) reduction o(KS) small
5. robust stability (w/ additive perturbation) o(KS) small

6. robust stability (w/ multiplicative output perturb.) @ (7) small
— feedback design is a trade-off over requirements 1 to 6

Over specified frequency ranges, we can approximate the closed-loop requirements by open-loop

objectives: 1. disturbance rejection o(GK) large valid for frequencies at which o (G K )>1
2. noise attenuation o(GK) small valid for frequencies at which o(G K )< 1
3. reference fracking o(GK) large valid for frequencies at which (G K )> 1
4. control energy reduction o(K) small valid for frequencies at which o(G K )< 1
5. robust stability (additive pert.) @ (K ) small valid for frequencies at which o(G K )< 1

6. robust stability (mult. outp. pert.) (G K) small  valid for frequencies at which o(G K )< 1

To shape singular values of GK by selecting K is a relatively easy task, but to do this in a way which also
guarantees closed-loop stability is in general difficult.

General Control Problem Formulation x w u
P.(s) P.(s) S x| 4| B B
s S
[z =1 12 '[W state-space realization: P = z|C, | D,, D,,
v] | Pyls) Pyls)||u v
C2 D21 D22
Lower functional fransformation: F,(P,K)=P,+P,K(I—P,K) 'P,, z=F,(P,K)w

H, and H, control involve the minimization of the H, and H, normsof F,(P,K).

H. Optimal Control
The standard H, optimal control problem is to find a stabilizing controller K which minimizes

IF(sll= 5= ol F o) Pl ldo  P=F(P.K)

For a particular problem the generalized plant P will include the plant model, the interconnection structure,
and the designer specified weighting functions. (see "LQG: A Special H, Optimal Controller” on p.23)

Stochastic interpretation: suppose in the general control configuration that the exogeneous input w is
white noise of unit intensity = E{w(t)w(T)T]:Ié(t—T)

expected power in the error signal z = E hmﬁ t)dt
T -
=tr E{z(t)z(¢)'} "2 ||F||2=\|F1(P,K)H2

Therorem 2

= by minimizing the H, norm the output (or error) power of the generalized
system is minimized
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LQG: A Special H, Optimal Controller

x=Ax+Bu+w, , y=Cx+w, E

wy T 1l (W 0 _
[ij;][wd(T) e ]HO V]a(z .

T
Find u=K y such that JZE[lim %J'O [xTQx—i-uTRu]dl‘] is minimized with 0=0">0 , R=R">0

T—>w
1/2 1/2
0 /4 0
= define z= © al * , Wi |= a2 | W where w is white noise
0 R u w, 0o v
T
= the LQG cost function is JZE{lim% . z(t)Tz(t)dt}:HF,(P,K)Hi where z(s)=F,(P,K)w(s)
T
4 |w"” 0 | B
172 l
and the generalized plant is given by P= Py Pnl 5|0 0 0 (]),2
P, Py 0 0 ,,Q,,i,,R,,
c 0o v” o
T P T
i = B —ht;_;-'-—h-l:-'-if—'-ll_l I o~ 0T i
s : s
: o v iH— ,+?J.'. J I
K =

H. Optimal Control
The standard H ., optimal control problem is to find all stabilizing controllers K which minimize

|z (2l » ;
F,/(P,K)| = ol F,(P,K)(j = — = _
|F:(P, K| =maxa(F,(P, K)(jw)) max T where [z(e)b=[] 2, |z, (1) di
It is often computationally simpler to design a sub-optimal controller. Let y,,,, be the minimum value of

HF,(P, K)Hw over all stabilizing controllers K . Then the H , sub-optimal control problem is:

‘ givena y>Y,... find all stabilizing controllers such that HF,(P, K)||w<)’ ‘

By reducing y iteratively an opfimal solution is approached. general algorithm: see p.391
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Mixed-Sensitivity H. Control

Michael MUri

Transfer function shaping problems in which the sensitivity function S:(IJrGK)_1 is shaped along with one
or more other closed-loop fransfer function such as K S or the complementary sensitivity function T=1—S.

To opftimize performance, minimize ”W1 SHOO (S:d —z)
to minimize control inputs minimize ||W2K S||w (KS: d — u)

w, (s) : scalar low-pass (disturbance is low-frequency signal)
WZ(S) : scalar high-pass with w_ ~ desired closed-loop bandwidth

w,S
w,KS

imagine the disturb. d as a single exogenous input and define an error signal Z:[

Compromise: minimize

o0

le-: WS |
—W,u W,KS

il

> P,= W, , P,= w,G ) P, ==1I i P :
0 W, Py==G w = dl aa S el
. l:Pu Py (lw : e H
where the partitioning is such that |z, P P y ; :
- 21 22 ! '
i » & —|-1(:+ L — E
w.S | T i
= F P,K = 1 ul 3 . |
(P K) [WZKS] S st r =04
K -+

S/T-Mixed Sensitivity Minimization Problem

Another useful mixed sensitivity optimization problem is to find a stabilizing controller which minimizes

W1 S P11: W1 P12: - WIG P21:] E""""'""""""j"'."'"""""""""E
WZT o 0 WZG P22:_G 'i‘—."i — 111 —E—h—":l
The ability to be able to shape T is desirable for tracking ; - : -
problems and noise attenuation. It is also important for i ~ W2 = ol
robust stability with respect to multiplicative perturbations i :
at the plant output. : 14 i
— G -0 i
PO
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Appendix A: Matrix Theory and Norms

A—1_aCZ]'A

Properties: A"=4" (A4B)"'=B" A" (4B)"=B" 4" (A4B)'=B'4"" Sy
e

c,=ladjA];=(—1)"det A where A" is the submatrix formed by del. row i and column j
detAZZ:;l aijcy:z:’]l,:1 a;c;
A is symmetric if 4"=4 and Hermitianif 47=4 it A isnon-singular det(A™")=1/(det A)
[4,,4,}€C™" | ceR = det(A,A,)=det(A,A,)=det A,-det A, det(c A)=c"det( A)
if A4, and 4,4, are square det(I+ A4, 4,)=det(I+A4,4,)

All AIZ

Schur's formula: det
AZ] A22

):arez(AH)-aiet(Azz—A21 Al A ) =det(Ay,)-det (A, —A,, 4, 4,,)

Figenvalues: the solutions A of the equation det(A—AT)=0
Eigenvectors: solutions of (A—2A,1)1,=0 < At =At, (right)or ¢ (A=A, 1)=0 < q'A=A.q! (left) A6-A8

Singular Value Decomposition
Unitary matrix: U7=U"" IA(U)|=1 Vi

Any complex matrix 4,,,, may be factorized into A=U XV where {U,X,, Vme} are unitary
2,

0] (Izm) or =[5, 0| (I<m)

matrices ( B"=B"')and X,,,, is of the form Z:[

X =diaglo,,0,,...,0,0 , k=min(l,m) , o=0,>20,>..>20,=0

The unitary matrices form orthonormal bases for the column (output) space and the row (input) space.
We define u=u, , u=u, (columnvector) and V=v, , ¥v=Vv, (row vector)

The singular values O'l.(A):\/)\iAHA:\/)\i A A" are unique, however the SVD is not, since all U'=US
V'=VS , S=diag|e’"| are also solutions.

The rank of a matrix is the number of non-zero singular values of the matrix.

SVD of a Matrix Inverse

A=y Ut BT a(a4)=10,(4) , w4 )=v,(4) , vi(d)=u4) , (4 )=1/a(4)

! J l 7

Singular Value Inequalities

a(A)<[A,(4)|=T(4) o (A= (4) o (A7) =0 (A)

0(AB)<o(A)o(B) o(A)o(B)<o(AB) 0(A)o(B)<c(AB) o(A)a(B)<o(AB)
max[U(A),E(B)]SE[‘;]S 2max (5 (A),5(B)) a[g}sau)m(m

a[g‘ %]:max{E(A) 7 (B)| o,(A)-7(B)<o(A+B)<0,(4)+7(B)

| (4)—7(B)|<o(A+B)<c(A4)+T(B) o(A)—o(B)<c(A+B)<c(A)+o(B)
og(A)—1<g(l+A4)<a(4)+1 og(A)-1<[c(I[+4)'['<a(4)+1

Condition Number
y(d)=0,(4)o (A)=7(4)a(4) where k=min(l,m)
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Norms
Properties: le]=0 ., |e|=0 & e=0 , [xe|=lalle] VaeC , |e +e,|<|e|+]e

semi —norm if this is not given
1/p
af )" Nal=2 e ldb=\X Jaf (a"a=lal})

o Nalgsllab<vmllal,.. . llal.<llall <Vmlal,

Vector norms: ||a||P=(Zl.

"a”w = "a”max:maxi

Matrix norms: has the above mentioned properties plus |4 B|| <||4]|-| B||
|4l..= Z ‘aul ||A||F=\/ZM||ain2=\/tr<AHA) , ||A||mux:maxi,j @;;| « notamat. norm
|4wll,
Induced norm: z=Aw = ||A|| —maxW = HmHax”AwH mHax||Aw||p
wl,<1 wi,=1

Ll =mas (X Ja)) . Nl=max (3 Ja)) . Idl.=o (4)=p(4" 4)

Implications: 1. B:=w 2. | 4]l = max |4 w| 3. 4:=z" | B=w
= [awl<]4lllwl weo|wl

27 wl< =l
Spectral Radius

p(A)Zmqu A;(4)| is not a norm! For any norm: p(A4)<|/4]|

Some Matrix Norm Relationships

o(A)<ldl<Vmin(l,m)a(4)  |dl,m<0(4)<VIm|Al, o (A) =<l 4]...

m™2| 4], =T (4)<VI|4],, 2\l <o (4)<Vm| 4], max {5 (A4), |4,

”U1A U2||F:||A||F 6(U1AU2):6(A) |A||F \/Z U

mg”HD AD71H,A1=mDin||D AD71Hm=p(|A|)=qu|)\,«(|A|)‘ where D is a diagonal matrix  (p(4)<p(|4]))

Al

il’ A”ioo}S”A”sum

Signal Norms

o) 1/ _
[, norm: ||Z(l)||,,=(f_oo Zi le, (T)pd‘r) ! o -norm (peak value): ||Z(t)||w—mizx(m?x|ei(T)|)
Finite energy signal: EZ=||Z||§='[: |z (t)|2dt <oo E.<0o = P_<o
T —
Finite power signal: ~ P,=lim % o |z(¢)]dt <o Root-mean square value (RMS) = /P,
T—oo
energy signal: finite energy, zero avg.
Power-norm: ||z (¢ )||gas=1lim \/L T)|2d T (semi-norm) power (0sE<, P=0)
T V2T ¢~ ! power signal:infinite energy, finite avg.
power (0<P<« , E=«)
System Norms energy =[| |2, power = avg. energy
H.,: G(s) isstable & proper, the matrix functions are analytic and bounded in the open right-half plane
z z «— output
G, = IG(s)., = Sup a(G(s) = maxo(G(jw)) = max max rr- I = maxM '
” (s)>0 w w  w(o) ”WHZ "W )”2 «— IﬂpUT
EZ PZ
IG(s)ly = sup—= = sup—= = max energy/power gain
- w#0 E w#0 P

Z|— w, _ o 0
[Zzl—G(s)[WJ , G(S)—U[O Ql
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H,: G(s) isstrictly proper, deg (N (s))<deg(D(s))
H, -space = all causal, finite energy signals.
H, is a closed subspace of L,(jR) with metric fct. G(s) analyticin R(s)>0 — stable freq. sign.

f (7)) dt——f ]w)|2dw—

Perseval:

Slell, =

Stability/Controllability Gramian
Lozfjef‘(T*T)BB*eA(T*“dT A*L,+L,A-C*C=0 |G (), =tr(B* LyB)=tr(CL.C")
Le=[le""C Ce' T dT  AL.AL.A+BB =0

Transfer-Functions in MIMO-Systems

1. wﬂ G, H G, }72 z=G,G,w 2.

3. Push-through rule:  G,(1-G,G,) '=(I1-G,G,)' G,

Appendix B: Optimal Control designs K to a given G

Cost function: J()C)ZJ';o x Ox+u'Ru dt with tuning parameters {Q,R}

Optimal feedback: u*=—K* x = x=(A—-BK)x=Ax
= J(x f x'(O+K RK)xdt—fwaQxdtz :xg A’QeAtxodt— xg P x,
p=[ "0 ar M2 ——QA'-APA"' = PA+A'P=—0 LyopunovEa.
optimality = aKJ(x)éo > .. > 0,K'(RK-B"P)+(RK—B"P) d,K=0

= K'=R'B'P
Algebraic Ricotti Equation (ARE): A" P+P A—PBR'BP+0=0 |e K*—PA4+A4AP=-0)
Properties of LQR: = general assumption that system is stabilizable and detectable
- {R,0]|>0 = closed-loop stable

« PM>60° , GM — o
- state vector x has to be known entirely — observer design 3= A%+ Bu +(y—79) K,
u

¥=Ax-BK,x=(A—BK,)x+BK.e (e=x-%
=(Ax-BK,%)-(A%-BK,$+K,Cx—K,Cx)=(4-K,C)e

: [Z] A-BK, BK. M

0 A-K,C
Separation Theorem: Poles of the closed-loop system are the poles of A—B K, +Polesof A=K ,C
= controller and observer can be designed separately

MATLAB:
Kalman: Combine LQR with Kalman filter — LQG (dual to LQR design) [A,B,C,D]=ssdata(G);
T T T where QR="diag(Q,R)” and
(E[ww™]) (E[vv']) A—4 WV="diag(W,V)”
LQG: + MIMO , “optimal” control , computation simple , {Q,R.W,V} more intuitive than {K |, Io}

—indirect funing , plant has to be known , robustness margins may disappear
—no infegral action , no regulating , no reference tracking = expansions available

mmueri@ee.ethz.ch v1.8 27/28



Regelsysteme I Index Michael MUri
Index
INfrOdUCTHION.......eeeiiireeceee e eeee e 1 Introduction to Multivariable Control......................... 13
Yl 11T TP 1 Transfer Functions for MIMO Systems...........cce....... 13
NOTAHON ..o Negative Feedback Control Systems............... 13
Classical Feedback Control..............ueeereveeeeeeeeennnnn. 2 Multivariable Frequency Response Analysis......... 13
Feedback CoNntrol........ciiecieeiecieececeee e 2 Directions in Mulfivariable Systems.................... 13
Closed-loop PerformancCe........cccceeeccvveeeeccveeeecnnennnn. 2 Singular Value Decomposition........cccceeeeeunnee... 13
Controller DESIgN......ciivccieiieeieee e 2 Singular Values for Performance....................... 14
LOOR SNAPING.cii ittt e 2 Infroduction to MIMO Robustness........ccccveeeeenneee. 14
Inverse-based Controller........cccvveeecieeeercieeeenee, 3 General Control Problem Formulation................... 15
Loop Shaping for Disturbance Rejection........... 3 Including Weights in Pu.....eeeeeciieeecieeeeeee e, 15
Two Degrees of Freedom Design.......ccceeeeveenee. 3 Partitioning the Generalized Plant P................. 16
Closed-loop shAPING....cccciiieieiieee et 3 Closing the Loop to get N......oooiieiiiiiiiicine. 16
Weighted Sensitivity......ccceriiniiiniceieeneee 3 A General Control Configuration Including Model
Performance Limitations in SISO Systems..................... 4 UNCErtainty . ccuvi e 6
Input-Output Controllability.......ccceeeeeeeeeieeiiieiennen 4 Relative Gain Array (RGA).......cceeveeeeeeeeeeereenene. 16
Perfect Control & Plant Inversion...........cccccevveeeennee.. 4  Llimitations on Performance in MIMO Systemes........... 17
Fundamental Limitations on Sensitivity..................... 4 Fundamental Limits on Sensitivity......ccoccoeeeveeeennen. 17
Interpolation Constraints...........ccoeeeveiveeeeeeeeeecirnnn. 4 Limitations Imposed by Uncertainty.......cccceeeeee.. 17
Fundamental Limitations: Bounds on Peaks............ 5 Upper Bound on O(S').coueeiieiriiiieeieceieeen 17
Bandwidth Limitation ll.......ccceeeiieniieeie e 5  Robust Stability and Performance Analysis............... 18
Limitations Imposed by RHP-poles.........ccccveeeenneee. 5 General Control Configuration with Uncertainty. 18
Combined RHP-poles and RHP-zeros............cccouu... 6 Representing Uncertainty.......ccveeeccieeeeciveececnnennn. 18
Limitations Imposed by Input Constraints................ 6 Unstructured Uncertainty......ccccooeeeieeieeiiecennen. 18
Summary: Controllability Analysis with Feedback..é Lumping Uncertainty into Single Perturbation. 18
Applications of Controllability Analysis.................... 6 Obtaining PN aNd M., 19
Uncertainty and Robustness for SISO Systems............. 7 Robust Stability and Robust Performance............. 19
Infroduction 1o RObUSTNESS......cooccvvvvveiieiiieieee. 7 Robust Stability of the MA-structure.................. 19
Classes of Uncertainty......ccoeeeccveeecccieee e, 7 RS for Complex Unstructured Uncertainty........ 19
Representing Uncert. in the Frequency Domain....7 RS with Structured Uncertainty: Mofivation........... 19
Obtaining Weights for Complex Uncertainty.... 7 The Structured Singular Value........ccccoccveeeecvieeenns 20
SISO Robust Stability with Mult. Uncertainty............ 8 Robust Stability with Structured Uncertainty......... 20
SISO Robust Performance with Mult. Uncertainty.. 8 Robust Performance.........ccceveeneencricnncinecneenne 20
The Relationship Between NP, RS and RP........... 8 Summary of y-conditions for NP, RS and RP.......... 21
Elements of Linear System Theory............ccccueeuveeveennen. 9 H-Synthesis and DK-lteration.........ccoceeeeciieeeeciinen, 21
System DesSCriPHONS. ..ot 9 Controller Design.........ccccceeecreeerereerecreeerenseesecseessssneesees 22
State Space Representation.......ccoveveeeveeeeennnen. 9 Trade-offs in MIMO Feedback Design................... 22
Transfer Function Representation.........ccccceeuee. 9 General Conftrol Problem Formulation................... 22
PID-CONrOller ... 9 H2 Optimal Control.......ccovvvvveeeeiiieeeeeeeeeee e 22
State Conftrollability and State Observability.......... 9 LQG: A Special H2 Optimal Controller............. 23
Kalman's Decomposition........ccceeeeecveeeecciveeeenns 10 Heo Optimal Control.......cceccveeeeeciieieeiieee e 23
STADINTY i 10 Mixed-Sensitivity Heo Control........cceeeeecveeeennneen. 24
POIES. ..o 10 S/T-Mixed Sensitivity Minimization Problem...... 24
JA=] 3 TR 10  Appendix A: Matrix Theory and Norms...................... 25
Zero Directions / Pole Directions.........ccceeeveeeieeenee. 10 Singular Value Decomposition........cccceeeveeeveeennee. 25
Pole Directions from State-Space Realizations11 SVD of a Matrix INVErsE.......oeeeeeeeeciineeeieeeeeeecnn, 25
Remarks on Poles and Zeros.......cccoecveeeveeeeneeens 11 Singular Value Inequalities........cccevceeenieeninenne. 25
Internal Stability of Feedback Systems................... 11 Condition NUMBE......cooviieieeeeeeeeeeee e 25
Stabilizing CoNtrollers........cuvevveccieeeecieeeecieeeee, 11 NOINS .ttt e ettt e e et e e e e e e eseitbrreeeeeeeeeeenns 26
Stability Analysis in the Frequency Domain........... 12 Spectral RAAiUS......ceeeecviiiieeiieeeeieee et 26
MIMO Nyquist Stability Criteria........ccccccvveeenneee. 12 Some Matrix Norm Relationships..........cccue...... 26
Small Gain Theorem.........occeveeecieeeecieee e, 12 SIgNAI NOMMNS...eeeiciieeceee e 26
SYSTEM NOIMMNS...eiiiiiiieeeiiee e e 12 SYSTEM NOMMNS...eiiieiiieeeciieeeeee e 26
Stability/Conftrollability Gramian.........ccceeeeeeeuvnnee.. 27
Transfer-Functions in MIMO-Systems.........cccouvuee..... 27
Appendix B: Optimal Control...........cceeeeeeeiiiiieeiennnnnnne 27
mmueri@ee.ethz.ch v18 28/28



	Introduction
	Scaling
	Notation

	Classical Feedback Control
	Feedback Control
	Closed-loop Performance
	Controller Design
	Loop Shaping
	Inverse-based Controller
	Loop Shaping for Disturbance Rejection
	Two Degrees of Freedom Design

	Closed-loop shaping
	Weighted Sensitivity


	Performance Limitations in SISO Systems
	Input-Output Controllability
	Perfect Control & Plant Inversion
	Fundamental Limitations on Sensitivity
	Interpolation Constraints
	Fundamental Limitations: Bounds on Peaks
	Bandwidth Limitation II

	Limitations Imposed by RHP-poles
	Combined RHP-poles and RHP-zeros
	Limitations Imposed by Input Constraints
	Summary: Controllability Analysis with Feedback Control
	Applications of Controllability Analysis: First-Order Delay Process

	Uncertainty and Robustness for SISO Systems
	Introduction to Robustness
	Classes of Uncertainty
	Representing Uncertainty in the Frequency Domain
	Obtaining the Weight for Complex Uncertainty

	SISO Robust Stability (RS) with Multiplicative Uncertainty
	SISO Robust Performance (RP) with Multiplicative Uncertainty
	The Relationship Between NP, RS and RP


	Elements of Linear System Theory
	System Descriptions
	State Space Representation
	Transfer Function Representation
	PID-Controller

	State Controllability and State Observability
	Kalman's Decomposition

	Stability
	Poles
	Zeros
	Zero Directions / Pole Directions
	Pole Directions from State-Space Realizations
	Remarks on Poles and Zeros

	Internal Stability of Feedback Systems
	Stabilizing Controllers
	Stability Analysis in the Frequency Domain
	MIMO Nyquist Stability Criteria
	Small Gain Theorem

	System Norms

	Introduction to Multivariable Control
	Transfer Functions for MIMO Systems
	Negative Feedback Control Systems

	Multivariable Frequency Response Analysis
	Directions in Multivariable Systems
	Singular Value Decomposition
	Singular Values for Performance

	Introduction to MIMO Robustness
	General Control Problem Formulation
	Including Weights in P
	Partitioning the Generalized Plant P
	Closing the Loop to get N

	A General Control Configuration Including Model Uncertainty
	Relative Gain Array (RGA)

	Limitations on Performance in MIMO Systems
	Fundamental Limits on Sensitivity
	Limitations Imposed by Uncertainty
	Upper Bound on σ(S')


	Robust Stability and Performance Analysis
	General Control Configuration with Uncertainty
	Representing Uncertainty
	Unstructured Uncertainty
	Lumping Uncertainty into a Single Perturbation

	Obtaining P,N and M
	Robust Stability and Robust Performance
	Robust Stability of the MΔ-structure
	RS for Complex Unstructured Uncertainty

	RS with Structured Uncertainty: Motivation
	The Structured Singular Value
	Robust Stability with Structured Uncertainty
	Robust Performance
	Summary of μ-conditions for NP, RS and RP
	μ-Synthesis and DK-Iteration

	Controller Design
	Trade-offs in MIMO Feedback Design
	General Control Problem Formulation
	H2 Optimal Control
	LQG: A Special H2 Optimal Controller
	H∞ Optimal Control
	Mixed-Sensitivity H∞ Control
	S/T-Mixed Sensitivity Minimization Problem


	Appendix A: Matrix Theory and Norms
	Singular Value Decomposition
	SVD of a Matrix Inverse
	Singular Value Inequalities

	Condition Number
	Norms
	Spectral Radius
	Some Matrix Norm Relationships
	Signal Norms
	System Norms

	Stability/Controllability Gramian
	Transfer-Functions in MIMO-Systems

	Appendix B: Optimal Control
	Index

